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1. 
CI-IAPTER 0 
(0.1) Introduction. 
We take for granted all the basic terminology currently in use in 
the theory of varieties of groups. Most of the mutation follows that of 
the book by Hanna Neumann [3], to xvhich reference is made also whenever 
standard results are used without proof. 
It is knom ([3]^p.l00>) that every nilpotent variety of class m 
is generated by its free group of rank m. This applies in particular 
to the variety ^ of all nilpotent groups of class at most m. The 
question arises which free groups of rank less than m still generate 
the variety. 
A conjecture on this is contained in [3], but this conjecture and 
some of the supporting evidence offered there have meanwhile been proved 
false, independently by L.G. Kovacs, M.F. Newman, P.F. Pentony [1] and 
Frank Levin [2]. They prove that if m is an integer greater than 2, 
then the variety ^ of all nilpotent groups of class at most m is 
generated by its free group rank m-1 but not by its free 
group F ) of rank m-2. Frank Levin has some more information, m-2 =m 
namely that the variety generated by the free group is 
properly contained in that generated by F, (N ) for k _< m-1. 
From these results we see that the free groups F, (N ), ic =m 
2 £ k £ m-2, do not generate N^. In general little is known of the 
2. 
varieties generated by them. However, we do know that their laws have 
finite basis ([3], p.89). That is, all laws are consequences of a 
finite number of laws amongst them. 
The purpose of the present thesis is to determine the varieties 
of some free groups of small rank, namely, F^CN^)^ F^CK^), F^CW^), 
equivalentlys to determine a basis for the laws in 
these groups. This has been accomplished in all the cases mentioned. 
It turns out that for each of the free groups F^CN^), F^Cg^), F^CN^), 
F,(N,), a basis consists of laws which are products of commutators of 
maximal weight, that is of weight five and six respectively. In F^CN^), 
however, a basis includes a law that is of weight five. 
The following diagram depicting the lattice formed by these varieties 
is then almost immediate. 
Ng = var F3(N^) 
/ 
var F^(N^) 
var F3(N^) 
/ varCF^CNg) k T^O^^)) 
var 7 = 
var F3(N5) 
var F^(N^) 
24 = var F3(N^) 
'p} n N^ = var F^CN^) • 
3. 
(0.2) Notation and terminology. 
We use the notation U, V, etc., possibly with subscripts, for 
varieties other than N^, correspondingly U, V etc. for sets of words 
that define these varieties, and small roman letters for words, that Is 
elements of a free group X freely generated by the set only 
k _< m will be needed. We adopt a definite order for the basic commutators 
(for definition, see (1.2.1), p.9) In these letters which Is such that 
x^ < X2 < ... and generally c < c' certainly when the weight of c 
Is less than that of c'. We do not adopt a definite ordering of all 
basic commutators of fixed weight, because in any one computation only a 
subset of the set of all basic commutators will be relevant. All basic 
commutators that occur in some computation or other are listed in Appendix 
1 in the order which we have adopted. It records commutators of the 
same type together (for example, basic commutators before all other types). 
Whenever commutators are mentioned by means of their serial number (for 
example c^^^), the number indicates their place in that comprehensive 
list. 
The elements of a free generating set of F (N ) (£ £ m) will be 
g^,g2,...,g£ always. The group element obtained by substituting g^ 
for Xj (j e {1,2,... ,ii}) in the commutator labelled c^ in the list 
will be denoted by d^. 
Suppose u is an element of a nilpotent group of class m expressed 
in some way as a word in its generators. We will denote by u* this 
word, in variables x^; thus u is obtained from u* by the substitution 
" 
4. 
y 
Because practice varies in the literature we record that x"^  
denotes y ' V ^ x - y ^ x y . 
l-Jhere in computations explicit commutators d^ occur, we actually 
use an abbreviated notation replacing g, by For example, the 
element [g^,g^,g29g3>g3] will be written [4,1,2,3,3]. For 
commutators that are not left-normed, we use the usual convention; for 
example [[x^,x2], [x2,x^] is written [x^,x2;x2 leading to the 
abbreviation [4,3;2,1] for [[g^jg^] , [g2,g3^]] • 
Most computations involve commutators that commute with each other; 
here additive notation is convenient. In some general statements and 
in some computations commutators of low weight are involved. Even 
though they do not commute with each other, we use additive notation 
for uniformity. Any commutators of weight higher than the class are 
of course omitted without comment. 
The following well known commutator identities will be used without 
special reference. 
[x,y+z] = [x,z3 + [x,y] + [x,y,z], 
[x+y,z] = [XjZ] + [x,z,y] + [y,z], 
[x,y] =-[y,x], 
[x,-y] = -(y+[x,y]-y) = y - [x,y] - y. 
Repeated application of these identities shows that in a group of 
class m , 
= n^n2 ... n^[x^,x2,... , x j 
5. 
for arbitrary integers n^,]!^ . n ^ ; in general, if cCx^^jX^, • • • jX^) 
is a commutator of weight m involving the variables , •.. 
then 
c(n.x. ... ^ n x ) = n-n„ ... n c(x-,x ,...,x ). 
i l / Z m m 1 2 m J . 2 m 
The frequent computations expressing arbitrary commutators in terms of 
basic coBimutators are made less tedious by systematic use of the 
Jacobi-Witt identity; if Xjy^z are of weight Jl,m,n respectively, 
then 
[x,y,z] + [y,z,x] + [z,x,y] = 0 mod 
The main part of the thesis is contained in chapters 1 - 4 . 
Details of computations are given in the appendices. There (Appendix 1) 
also \je give a table of the relevant basic commutators; some of them do 
not actually occur in our computations but for simplicity we have included 
them. Thus, for example, not all of the basic commutators of weight five 
in the variables X^,X2,X2 occur in our computations but for simplicity 
of listing we have included all of them. 
6. 
CHAPTER 1 
(1.1) A Summary of Properties of Relatively Free Groups. 
The groups is the free groups of varying rank of the 
variety N^, are examples of relatively free groups. 
(1.1.1) A relatively free group is a group which is isomorphic to 
a quotient group F/U(F), where F is free and U(F) is a fully-
invariant subgroup of F, that is a verbal subgroup of F. 
A number of equivalent defining properties of such groups are 
basic to our arguments. We list them here. 
(1.1.2) ([3], p.9) A relatively free group G possesses a set of 
generators with the property that every relator of these generators is 
a law in G. 
Such a set of generators is a set of free generators which is 
perhaps more naturally defined by the following equivalent characterization 
of a relatively free group. 
(1.1.3) ([3], p.9) A relatively free group G possesses a set of 
generators such that every mapping of these generators into G can be 
extended to an endomorphism of G. 
That every relatively free group is a free group of some variety is 
indicated by the characterization (1.1.1). We need this fact in the 
following form. 
7. 
(1.1.4) ([3]5 p.12) If V is the variety defined by the set V of 
laws, then a group belongs to V if and only if it is isomorphic to a 
factor group of F/V(F) for a free group F of suitable rank. 
Now (1.1.3) leads to the further fact t^ hich i-je use all the time. 
(1.1.5) If G = F/V(F) is a V-free group, or a free group of the 
variety V, then every mapping of a set of free generators of G into 
a group of V can be extended to a homomorphism. 
Now every homomorphism of a relatively free group F/V(F) can be 
induced by a homomorphism of F. This is a slight generalisation of 
Corollary 13.24 of [3], This can be extended a little further to give 
(1.1.6) If H = F/U(F) is a homomorphic image of G = F/V(F), then 
every homomorphism of H into a group A is induced by a homomorphism 
of G into A. 
Proof. Let f be a free generating set of F, y be the natural 
homomorphism y : F F/U(F) and v be the natural homomorphism 
V: F F/V(F). Then fy is a free generating set of F/U(F) and fv is 
a free generating set of F/V(F). Since H is a homomorphic image of G, 
H e V and the mapping which maps fv onto fy for each f e f can be 
extended to a homomorphism of F/V(F) into F/U(F) and this is, in fact, 
just the natural epimorphism F/V(F) F/II(F). Now every homomorphis 
a t F/U(F) -> A is induced by a map a : F A. a induces 
a' : F/V(F) A, and this induces the given a : F/U(F) A. 
m 
8. 
If the variety V is generated by the group A, that is it is the 
least variety containing A, then ([3], p.16), the free groups of V 
may be constructed as subgroups of cartesian powers of A. In that 
situation the projections of the free group into the factors provide a set 
of homomorphisms into A whose kernels have trivial intersection. This 
leads to the following criterion. 
(1.1.7) A group A of V generates V if and only if for every k ^ 1, 
there exists a set of honoinorphisms of = into A whose 
kernels have trivial intersection. 
In the case of a nilpotent variety V, one knows ([3], p.83) 
that each ^j^(V) is in fact a subgroup of a direct power of a finite 
number of copies of A when A generates V, Hence the set of 
hcmomorphisns in (1.1.7) can alv/ays be expected to be finite. 
Moreover since a nilpotent variety of class m is generated by its 
free group of rank m, we have the following corollary. 
(1.1.8) Corollary. If V is nilpotent of class m then the free 
group k > 1, generates V if and only if there exists a 
(finite) set of homomorphinms of F^(V) = into Fj^(V) whose 
kernels have trivial intersection. 
9. 
(1.2) Some Remarks on Free Nilpotent Groups. 
We adopt the definition of the basic commutators for the free group 
X generated by x,,...jX as provided in [3]. We give it in the 
1 n 
following form. 
(1.2.1) Definition. 
(i) The letters are basic commutators of weight one, 
ordered by setting x^ < x^ if i < j. 
(ii) Suppose basic commutators of weight less than n have been defined 
and ordered. Call c, = [c ,c,] a basic commutator of weight n if 
k. 1 3 -
(a) c^ and c^ are basic and wt. c^ + wt. c^ = n, 
(b) c^ > C y and if c^ = t^g'^t^' ^^^^ - '^ t* 
The basic commutators of weight n occur after those of weight smaller 
than n in the order, and they are ordered arbitrarily with respect to 
each other. 
Having defined basic commutators in X we state a very important 
property about words of X, namely their representation in terms of 
basic commutators. This is contained in the following. 
(1.2.2) If X is the free group with free generators then 
an arbitrary non-trivial element f e X has a unique representation, 
m ^ m ^ 
f = c^ ... c^ mod 
where are basic commutators of weight at most m listed in \r)treasin^  
order and m^,...,®^. are non-zero integers. 
10. 
From this one obtains the following two important corollaries. 
(1.2.3) Corollary. The basic commutators of weight n form a basis 
for the free Abelian group 
(1.2.4) Corollary. The free nilpotent groups F, (N ) are torsion-free. 
K —iti 
We use this latter fact again and again in the following way. 
(1.2.5) Corollary. If nw is a law in F, (N ) then w is. 
SJJI 
As remarked in the introduction it is known that, for m ^ 3, 
var F,(N ) < var F.(N ) < . . . < var F .(N ) < var F .(N ) = var F (N ) = N . 
1 =m 2 =m m-2 =ra m-1 =m m =m =m 
We establish a slightly more precise form of (1.1.7) in this 
particular situation. 
(1.2.6) Theorem. Let w'!' , = ker 9 , where k < il and 9 runs through 
all homomorphisms 9 : Fj^(K^) ^^ k invariant 
in F ^ ( ^ ) and F^(N^)). 
•k 
(1.2.7) Corollary. The words w e X corresponding to elements of 
W^ written in some way as words in the free generators of F ^ ( ^ ) are 
precisely the Jl-variable laws that distinguish F^(N^) from F^(N^) 
(that is, that hold in the one but not in the other). 
Proof of (1.2.6) Let w e W^ i}* an endomorphism of F^(N^) and 
a a homomorphism of ^ homomorphism of 
11. 
F (W ) into F (N ) and wiipa) = (wif;)a = 0. So we have wip e X. "in K ®iu Ji s 
Hence is fully invariant in F (N ). Therefore, by (1.1.1), 
F. (N is relatively free. Put G = F.(N , ; and let Xf ^'ni 5 K. ^ J ic 
g e ker ip, where tI; : G F, (N ). Let g be an element in F. (N ) Ic =nn J6 =in 
such that g = g 
By (1.1.6) ^ is induced by a hoinomorphism 
cp i F (N ) F (W ), This means that g9 = gij^  = 0, and so l^U K, 
g^  e VI^  that is g is trivial in G. Thus G is isomorphic to a 
subgroup of a cartesian power of F^  (N ) and so G e var F, (N ). As R. —ui tC —111 G is generated by Z elements, it is a homomorphic image of F (var F. (N )). JC tC —Id 
Now the laws of F.(N , are [x-,...,x and those words corresponding Ji =m x,,K 1 m+1 
to elements in , ; all these are satisfied in F, (N ) and hence also in io 5 K K ®ITl 
F„(var F, (N )). Therefore F. (var F, (N )) e var F„ (N )/vJ? , and so £ K =m Ji K '^ m X, =m X,K 
F-(var F, (N )) is a homomorphic image of F.(N , . Hence we conclude it R —iii ^ ^m Jo 5 K 
that ^ I-,(var F^(N^)), 
Our task is therefore to determine a basis for vf^  that is a set 
of xiTords such that ^ . is the fully invariant closure of it, for the ^ iC 
relevant values of k, 5,, m. Before turning to this task, we record one 
further easy lemma because it will be used again and again later on. 
(1.2.8) Lemma. Suppose U is any set of laws of 
including the nilpotency law of class m. Then, if U is the variety defined 
by U, F, (N ) = F, (U). Furthermore, U is a basis for the set of all k =m k — 
laws in F, (N ) if and only if F (U) e var F (N ). K =m m — ic =m 
12. 
Proof . Since by assumption the laws in U are laws in F^Cg^), 
) e U and so U(F, ) c N (F, ) . Similarly F, (U) e N and K. =ra = K — m K k = =m 
N (F, ) e U(F, ) . Therefore N (F, ) = U(F, ) and we have F, (N ) = F, (U). m K . — K m K k ic =m ic = 
The s e t U i s a bas is for the s e t of a l l laws of F. (N ) = F, (U) k =m k = 
i f and only i f F (N ) generates U; but U i s ni lpotent of c l a s s a t 
K. ^^TIl — "" 
most m, hence i t i s generated by F (U), and so F, (N ) = F, (U) m = K =ra K = 
generates U i f and only i f i t generates F (U). = m = 
We now come to a sequence of lemmas which simplify , step by s t e p , 
the task of finding a basis for i f . . that I s a basis for those laws 
which hold in F, (N ) but not in F„ (N ) . k =m Z =m 
( 1 . 2 . 9 ) Lemma. For m > 4 , - <= F (N ) , . , that i s the laws that — ' m,m-2 — m =m (m)' 
d i s t i n g u i s h F -,(K ) from N are sums of commutators of the f u l l ^ m-2 =m =m 
weight m. 
Proof . Let w be a law in F -,(N ) xi^ hich i s not a law in N . m-z =m =m 
Then w i s a commutator word of weight l e s s than or equal to m. Write 
w = w^ + W2 where w^ c o n s i s t s of commutators of weight m only, w^ 
c o n s i s t s of commutators of weight l e s s than m. This i s possible as 
commutators of weight m in F T(N ) commute with an a r b i t r a r y ° m—z =m 
element in F -.(N ) . Then reducing modulo the mth term of 4V>e. lo^ ocr ceo-if^ f. Wits 
m-2 =m 
F ^(N ) shows that w. i s a law in F ^(N , ) and i s of weight a t T m-2^=m'^  1 ni-2 =m-l 
most m-1. By [1] and [ 2 ] , generates hence 
a l l i t s laws are of weight a t l e a s t m. Therefore w^ i s t r i v i a l and 
w i s of weight m. 
13. 
We shall see that all the laws of the groups ^^(N^) and F^CN^) 
also are sums of conmiutators of weight five and six respectively. But 
in this is no longer true. 
For the next two lemmas we need the following definitions. 
(1.2.10) Definitions. 
(i) Two coEiinutators ^^^ same weight and in the variables 
are said to have the same repetition pattern in these 
variables if each appears the same number of times in c^ as it 
does in C2' 
(ii) A product V7 of commutators of equal weight is homogeneous 
if all commutators in w involve the same variables with the same 
repetition pattern. 
(iii) Suppose w consists of commutators of weight m. Then by the 
collection process, w can be written in the form w = w^ mod , ^  
where each summand is homogeneous and the repetition pattern of different 
sui^-ands is distinct. We call the summands the homogeneous components 
of w. 
(1.2.11) Lemma. If w is a law consisting of commutators of weight 
m in the group F. (N ) (k < m-2), then w is equivalent to the set of ° k =m — 
its homogeneous components. 
Proof. Let w contain h variables, h _< m. We first concentrate on 
the variable x^ and split w into parts where x^ ^ occurs the same number 
14. 
of times in each term. Then x^ can be repeated at most m - h + 1 
times, and so w is of the form w = u, + u- ... + u where p = m - h + 1 
1 2 p 
and u^ is a sum of basic commutators of weight m each of which contains 
x^ i times. Let cp^^cp^,... be maps defined as follows: 
takes x^ into (j+l)x^ and leaves unchanged for each 
j e {l,...,p-l}. Apply successively the identity map x and the maps 
9^,cp2». •. jCPp ^ to w. We obtain 
u- + u, + ... + u = wi = w 1 2 p 
2u, + + ... + 2^u = w 1 2 p 
puj^  + . . . + p^Up = . 
The coefficient determinant of these equations is given by 
D = 
1 1 1 
2 2^ 2^ 
P P^ P^ 
This is a special case of Vandermonde's determinant and is clearly 
non-zero since l,25...,p are distinct numbers. Hence by the usual 
method of elimination for solving linear equations, we obtain Du^ = v^ 
15. 
where v^j^  is a linear combination of Wj wcp^,... with 
integral coefficients. Now since the maps can be extended to 
endomorphisms and the image of a law under an endomorphism is also a 
law, is a law in (N ) for each i e {1,2,... sp}. Hence v. 1 K =ra 1 
is a law in F, (N ) for each i e {l,2,...,p}. But R (N ) is iC ^ m^ iC 
torsion-free. Hence u^ is a law in F^^(NQ) each i e {l52,...,p}, 
and so the u^ are consequences of w. As w clearly follows from the 
set {u^, i e {l,..,?}}, w is equivalent to this set. Hence w is 
equivalent to the set of laws obtained by collecting together those 
commutators in w with the same number of occurrences of x^. 
Therefore in each of them at most h-1 variables remain to be considered. 
Hence induction completes the proof and shows that w is equivalent to 
the set of its homoiiigeneous components. 
(1.2.12) Lemma. Every law w in F, (N ) that is homogeneous of K =m 
xveight m and involves less than m variables is equivalent to a set of 
lax7S that are homogeneous and involve the full number m of variables. 
Proof. Suppose w is in h variables h < m and suppose 
that (by renaming if necessary) in w, (q £ h) 
are repeated K times where K is maximal. The commutator identities 
permit us to assume that w is a sum of commutators whose entries are 
single variables or their inverses. 
Step 1. Substitute x^ + for x^ in V7. Expand the result using 
the identities listed in the introduction so as to obtain a sum of 
16. 
commutators whose entries are again single variables. Let 
be the sum of commutators so obtained. Again the identities show that 
the result \\rill contain all the original commutators that occurred in 
Ws, also all these same ones with replaced by therefore the 
collection process enables us to write w^ in the form w^ ^ = w + v^ ^ + v^ 
where (a) v^ can be obtained from \<f by substituting for x^ 
and (b) = v^ ^^  + v^^ + + ^^^^^ of commutators 
in which x^ occurs j times and K-j times for j = l52,...,K-l. 
Since vr^  is obtained from w by the endomorphism cp which maps 
x^ x^ + x^ for each r e {z^.-.^h}, w^ is a law in 
F, (N ). Similarly v. is a law in F, (N ) as it is obtained from w k =m 1 k =in 
by renaming one variable; therefore v- is a law in F, (N ). Nov/ / k =m 
substitute x^ for ii^  Then v^ goes into Xw where X 
is an integer greater than or equal to two. Hence the law v^ implies 
Xw, and therefore it implies w by (1.2.5). Thus V2 and v; are 
equivalent. But in v^ one of the variables is repeated 
less than K times; the same is therefore true for the homogeneous 
components of V2 and so by (1.2.11), w is equivalent to a set of 
laws in which only q-1 variables are repeated K times, and all other 
variables (including the new variable repeated less than K 
times. After q steps, w is equivalent to a set of laws in x^ hich all 
variables are repeated less than K times, hence induction completes the 
proof. 
17. 
(1.2.13) Lemma. Suppose that w is a non-trivial law in F, (N ), ' k =m 
k ^ m-2 and that w is written as a sum of basic commutators. Then 
each of the basic commutators in w involves at least k + 1 variables. 
Proof. Let h be the total number of variables involved. If h < k, 
v/e replaco x^ by g^ in w^ the result is the trivial element in 
F, (H ). Hence by (1.2.2), the coefficient of every basic commutator K, 
vanishes so that w is trivial, a contradiction to our 
assumption. So xoe may now assume that h > k, that is some commutators 
that occur in w must contain more than k variables. We want to show 
that all do. Let {x ,x ,...5X. } be an arbitrary subset of k 
k 
elements of {x-,x_,...,x, }. Let 9 be the endomorphism of the free LI n 
group X^ defined by: 
X ^ x for j e {l,2,...,k}, j j 
x^ 0 for r e {1,2,... ,h} Xd^^si^,... . 
Nov? w cp consists of all those basic commutators in the variables 
x^ in w. Since is again a law in then, 
X 2 Ic 
if x^^ is replaced by g^ in wy?, the result is the trivial element in 
F, (N ). Again by (1.2.2) the coefficients of the corresponding basic ic 
commutators in w9 vanish so that w^ is trivial. Since x ,x ,...,x 
Is an arbitrary set of k variables, we conclude that the coefficients 
18, 
of the basic commutators in any set of k variables vanish. Hence 
the coefficients of all basic coiranutators in less than or equal to k 
variables vanish. That is, each of the basic commutators in w involves 
at least k+1 variables. 
(1.2.14) Lemma, Suppose a basis for the laws of F, (N ) consists of ic =m 
laws involving only commutators of weight greater than or equal to h 
where (by (1.2.13)) h > k, and, of course, h ^ m. Then every non-
trivial law w in F, (N ,,) can be written as a stm of basic commutators k =m+l 
of weight greater than or equal to h. 
Proof. Since j^^ C^ ni) is a bomomorphic image of ^^  i® ^ 
lax^  in Now w follows from laws involving only commutators of 
weight greater than or equal to h. Hence w itself has the same 
property. 
Finally we record a method to obtain laws that distinguish F, (N ) K =m 
from N provided that laws are known for F, (N ^) which are not laws =m K =m—± 
of N T 
(1.2.15) ([3], p.101) Suppose w is a law in F (N ) but not in 
Then is a law in but not in 
19. 
CHAPTER 2 
THE LAT'JS OF THE FREE GROUPS F ^ 3 % ) 
(2.1) The laws of F^CN^). 
From [1], we obtain in F-(K_) the law Y e (a)[x_,x, 5X- ,x. ], J =5 5 HO Jo Za la aeS 
where S is the group of permutations of {152,3,4}, 6(a) = 1 or -1 
according as a is an even or odd permutation. In terms of basic 
commutators, (see (A.2.1.1), p.A.11 - A.12), this can be written in the 
form: 
w(3,5) = -[x^jx^jx^^x^jx^] + - [ x ^ . x ^ j x ^ 
•'•[x^  j X ^ j X ^ 5 X 2 ] — [x^5X2 jX^ -- [X2 j X j ^ j X ^ ] . 
We want to show that w(3,5) and the nilpotency law form a basis 
of laws for F2(N^). 
Denote by U the variety defined by {w(3,5), [x^,x2,.•.,Xg]}. By 
lemma (1.2.8) we have to show that F^(U) is generated by F3(U) = F2(N^). 
The first step consists in using the law w(3,^) to eliminate as far as 
possible superfluous generators (that is, basic commutators of weight five 
in the free generators of F5(U)) from the lowest term of F5(U). This 
procedure occurs again and again. The law w(3 5 5) gives a number of 
relations between basic commutators of x^ e^ight five in F^ (U), obtained J = 
from w(3,5) by substituting generators for the variables in various 
ways. These relations constitute a set of linear equations between 
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generators of the abelian group (F^Cy))^^^. We use the ordinary 
method of elimination in solving linear equations. In each step, 
we use a relation to eliminate a basic commutator, that is to express a 
basic commutator in the relation in terms of other basic commutators in 
the relation, and substitute this expression of the basic commutator for 
the same commutator whenever it occurs in the remaining relations. Thus 
after each such step the number of unused relations is reduced by I5 
furthermore these relations do not involve the basic commutators which 
have hitherto been eliminated. If there are originally k ^ 1 relations, 
then after 0 £ h _< k steps, h basic commutators will have been 
eliminated and at most k-h relations are left over unused. In some 
cases, for a given set of relations, a set of basic commutators can be 
eliminated in this way and no relations are left over unused. In 
other cases, however, some relations are left over unused and we cannot 
carry on our process of elimination any furthar. For example, in one of 
the cases that we consider, a relation of the form 2x + 2y + 2z = 0 
is left over unused. We cannot use this relation to express any one of 
the three basic commutators x,y,z in terms of the other two, but it 
indicates that x + y f z may be an element of order 2 in F^(U). 
In the present case, the follovjing basic commutators are eliminated 
(see (A.2.1.2), p.A.X2-A.14). d^^^ = [2,1,5;A,3], d^^a = [2,1,4;5,3], 
d^25 = [2,1,3;5,4], d^^^ = [3,1,2;5,4]. 
NOV7 by corollary (1.1.8) a sufficient condition for U to be generated 
by ^^(y) is that there exists a set of homomorphisms of Fg(y) into 
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whose k e r n e l s i n t e r s e c t t r i v i a l l y . This cond i t i on i s a c t u a l l y 
s a t i s f i e d as t he follox^ing argument w i l l show. 
Let V e , where W^  = {n kercp/ cp: F.(U) ^ F , (U)} . Suppose, J , a J = -J = 
* 
t o t h e c o n t r a r y , t h a t v H 0. Then the corresponding word v i s a law 
* 
which d i s t i n g u i s h e s F^CN^) from N^. Eence by lemma (1 .2 .9 ) v (and 
so v) c o n s i s t s of commutators which a re of weight 5. By lemmas 
(1 .2 .11) and (1 .2 .12) v* i s equiva lent to a s e t of laws t h a t a r e 
homogeneous and involve 5 v a r i a b l e s . Hence v fo l lows from words i n 
W^  « t h a t a r e homogeneous and involve p r e c i s e l y 5 gene ra to r s and we 
may t h e r e f o r e assume tha t v i s homogeneous and involves p r e c i s e l y 5 
g e n e r a t o r s . Nov; r e p r e s e n t v by a l i n e a r combination wi th i n t e g r a l 
c o e f f i c i e n t s of b a s i c commutators of weight 5 in p r e c i s e l y 5 g e n e r a t o r s , 
where we may assume t h a t t he ba s i c commutators ^ l y j * "^123' ^125' *^126 
a r e not p re sen t i n t h i s r e p r e s e n t a t i o n s ince i n F^(y) they have been 
e l i m i n a t e d . Map v by the fol lowing homomorphisms cp^, i = 1 , 2 , . . . , 8 
of F^(U) i n t o F2(U). 
^ 2 ^ 
l - > 1 1 1 1 1 1 
2 ^ 2 2 2 1 1 1 
3 > 2 2 3 2 2 1 
4 - > - 2 3 3 2 3 2 
5 - ^ 3 3 3 3 3 3 
Let CD e {q), , 9 - , . . . ,cp_}. Represent v cp by a l i n e a r combination wi th 
1 2 o 
i n t e g r a l c o e f f i c i e n t s of b a s i c commutators of weight 5 i n p r e c i s e l y 3 
7 
1 1 
2 2 
1 3 
3 2 
2 3 . 
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generators. Now (1.2.2) with vcp = 0 implies that these coefficients 
vanish. By equating these coefficients (which involve one or more of 
the coefficients of the basic coiranutators in v) to zero, we obtain a 
set of linear equations in the coefficients of the basic commutators 
in V. If we let cp run through the set , >... J'PQ} , we obtain 1 2 o 
a system of linear equations. We solve this system of linear equations 
and we find that the only solution is the trivial one. Hence v is 
trivial and the original supposition that v ^ 0 is false (see 
A.(2.^ 1.3.), p.A. L^A. 19). Therefore we have: 
(2.1.1) Theorem. The set of laws {w(3,5), [x^^jx^s... } is a 
basis of laws for • 
This now also shows, as indicated earlier, that the basic commutators 
of weight 5 in 5 generators other than <1^ 23» ^125' ^126 ^^ 
fact independent in F^(U). But since we did not need to consider 
commutators in less than 5 generators, this gives no indication of the 
total rank of further interest. 
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(2.2) The laws of F^Cg^). 
As in the previous problem x^ e find some laws that hold in F^CN^) 
but not in N^ and then show that together with the nilpotency lavxT they 
form a basis of laws for F^CN^). 
Now F^CN^) does not generate N^ and so a basis of lav7S for 
F-(N,) includes lavrs that hold in but not in N, . The method 2 =4 2-4 =4 
described in (1.2.15) enables us to construct from each such law a 
law that holds in F2(ii^) but not in N^. So accordingly we proceed to 
find a basis of laws for F^ (il,) and then construct laws for F-.(Nt.) from 
lax^ s in this basis. 
From 35.33 ([3]5 p. 102), we see that w(2,4) = [x^^,X2^x^jX^] is a 
law in F_(N,) but not in N,. Now Theorem 36.34 ([3], p.107) 
implies that U = var F2(U) where U is the variety defined by the set 
of laws U = {w(2,4), Since F^(U) = F2(N^) (by 
Lemma (1.2.8)), U = var F_(N,)5 that is U is a basis for the laws of = / =4 = 
F2(N^). It follows from (1.2.15) that w^(2,5) = [x^.x^jx^^x^jx^] 
is a law distinguishing F2(N5) from N^. Expressing w^(2,5) 
in terms of basic commutators, we obtain (see (A.2.2.1), p.A.]9)'. 
Now ^(25) being a homomorphic image of w(3,5) (p.19) 
is a law in F^(N^). Furthermore, if we put ^ = 5 
W2(2,5) = + - , 
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we note that w O ^ S ) imply that is a lai7 in 
F^CN^) (see (A.2.2.2), p.A. so that (by Corollary (1.2.5)) 
also is a law in 
We want to show that Wj^(25 5)5 W2(25 5) and the nilpotency law form 
a basis of laws for F-(N|.). 
L —J 
Denote by U^ ^ the variety defined by U^ = {w^(2,5) ,W2(2,5) , [x^^jx^s • • • s^g] } 
By a procedure similar to that described in (2.1) we eliminate the following 
basic commutators of weight 5 in precisely the 5 generators of F^(U^) 
(see (A.2.2.3), p.A.-'.O-A. 21). 
d^g^ = [4,3,5;2,1], dj^Qg = [5,3,4?2,1], d^^^ = [4,2,5;3,1], 
d^^Q = [5,2,4;3,1], d^^^ = [4,1,5;3,2], d^^^^ = [5,1,4^3,2], 
d^^^ = [5,2,3^4,1], d^^g = [5,1,3;4,2], d^^^ = [2,1,5;4,3], 
^124 " = [2,1,3;5,4], d^^^ = [3,1,2;5,4]„ 
Again we l<-t v E W ^ ^^ where ^ ^ = { nker <(> \ (p i F^(UJL) ^ 
and proceed to shoi^ that v = 0. Assume, to the contrary, that v 0. 
Write V as a linear combination with integral coefficients of basic 
* 
commutators in the generators of F ^ ( U J ^ ) ' The corresponding word v 
is a non-trivial law of F2(N^). Hence by lemmas (1.2,13) and (1.2.14) 
each basic commutator in v has weight greater than or equal to 4 and 
involves at least 3 variables. So each basic commutator in v has 
weight greater than or equal to 4 and involves at least 3 generators. 
We will first show that all basic commutators in v have weight 5. 
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Map V by the following homomorphisms of i^^o F^CU^). 
^11 
1 - ^ 1 1 [2,1] 
2 2 [2,1] 1 
3 ^ [2,1] 2 2 
4 0 0 0 
5 0 0 0 
We need only consider the images of the basic commutators in v of 
weight 4 in precisely the generators 1,2,3 since under 
i e {1,2,3}, any basic commutator in v which involves the 
generators 4 or 5 goes into the trivial element, and any basic 
commutator in v of weight 5 in precisely the generators 1,2,3 go 
into a commutator of weight at least 6 and hence is trivial. The 
coefficients of the basic commutators in v of weight 4 in precisely 
the generators 1,2,3 vanish (see (A.2.2.4), p.A. 22_a. 2-p). 
Similarly, if 1^,12,13 e (1,2,...,5), i^ < i^ < 13, then if we map 
v by the homomorphisms which take 
^2 " ^2 ^2 
^3 ^3 ^3 
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and the remaining two generators to zero, we see that the coefficients of 
the basic commutators in v of weight 4 in precisely the generators 
i^ji^ji^ vanish. It follows therefore that the coefficients of the 
basic commutators in v of weight 4 in precisely 3 generators vanish. 
Wow map V by the homomorphisms: 
^21 ^22 ^23 ^24 ^25 ^26 
2 [2,1] 1 1 2 2 2 
3 ^ 1 [2,1] 1 [2,1] 1 2 
4 1 1 [2,1] 2 [2,1] [2,1] 
5 - > - 0 0 0 0 0 0 
We need now only consider the images of the basic commutators in v 
of weight 4 in precisely the generators 1,2,3,4. The coefficients of 
such commutators are seen to vanish (see (A.2.2.5), p.A.23-A.24). Hence we 
conclude that the coefficients of the basic commutators in v of weight 
4 in precisely 4 generators vanish. Thus we have shown that v 
consists of basic commutators of weight 5. Write v in the form 
V = u^ + u^ + u^ where u^ju^ju^ are the sums of the homogeneous 
components of v in 3,4 and 5 generators respectively. By Lemma 
•k •ft rt 
(1.2.12), u^.u^su^ are laws in F^CN^) = ^^^ consequences 
of homogeneous lavjs of weight 5 in 5 variables. Hence 
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are in w| ^ ^^^ consequences of homogeneous words in ^ weight 
5 in 5 generators. 
We therefore may now assume that v is homogeneous of weight 5 in 
5 generators. Because some of the basic commutators of weight 5 in 
precisely 5 generators have been eliminated (p,24)5 x^ e see that v 
is a linear combination with integral coefficients of the following 
basic commutators. 
[3,2,4^5,1] 1 4-J J. J H 5 5,2], 3;5,2 1 - • 
V by the homomorphisms: 
^31 ^32 CP33 ^34 ^35 ^36 ^37 ^38 
1 -v 1 1 1 1 1 1 1 2 1 
2 2 1 1 1 1 2 1 1 1 
3 1 2 1 1 1 2 2 2 2 
4 - > 1 1 2 1 2 2 1 1 2 
5 -y 1 1 1 2 2 1 2 1 1 
The coefficients of the above basic commutators are seen to vanish 
(see (A. 2. 2. 6), p. A. 25) . Hence v is trivial and the supposition 
that V 0 is false and we have: 
(2.2.1) Theorem. The set of laws {w^(255),W2(2s5), ... 
is a basis of laws for F2(N^). 
28. 
Finally we mention that by a method involving tedious computations 
we found that in F^CU^^), is in fact an element of order 2 
and that in F^CU^), ^^(U]^) there are no elements of order 2. This 
shows that the variety of all centre-extended-by-metabelian nilpotent 
of class 5 groups is generated by its free group of rank 5 but no 
free group of lox-jer rank. 
29. 
CHAPTER 3 
THF, LAWS OF THE FREE GROUPS F^Cgg), 
(3.0) A remark on basic commutators of weight 6. 
It is convenient to have, for use in this chapter and the next, a 
description of the relation between the four types of basic commutators 
that occur when such a commutator whose entries are group elements of X 
is expanded into a sum of basic commutators. We use the following 
terminology for the commutators other than left-normed. A commutator of 
the form [x,y,zjt;u,v] is of type (4,2), a commutator of the form 
[x,y;z,t;u,v] is of type (2,2,2), and a commutator of the form 
[x,y,z;t,u,v] is of type (3,3). 
(3.0.1) Lemma. If the entries in a basic commutator, c say, are 
permuted, then 
(i) if c is left--normed, the expansion of the result in basic 
commutators may include commutators of each of the other types; 
(ii) if c is of type (4,2), the expansion will include commutators 
of type (4,2) or (2,2,2) only; 
(iii) if c is of type (2,2,2), the expansion again consists of 
commutators of type (2,2,2) only; 
(iv) if c is of type (3,3), the expansion again consists of 
commutators of type (3,3) only. 
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(3.0.2) Corollary. All statements remain true for the expansion of the 
commutator obtained from c by substituting arbitrary words. 
Proof. (i) We give an example: the expansion of the left-normed 
commutator [x- x^l in basic commutators contains commutators 
z i ^ J O J 
of each of the 4 types. 
[x2 j X ^ yX^ j X g = — [x^ j X ^ j X ^ ^X2 j X ^ ] — [x^5X2 5 X j ; x 2 ) X ^ , X g ] 
—[x^,X2>x^5XgjX2tX^] + [ x ^ + [ X 2 j X ^ 
~ [ x ^ j X ^ 5 X 2 + [X2 sX^ j X ^ 5 i X g ] . 
The expansion in basic commutators is obtained by the use of the 
Jacobi identity combined with permutation of the first two entries or the 
first two entries following a semicolon (the entries may be single 
variables or commutators of weight greater than 1), as is explained more 
fully in the remaining parts of the proof. 
(ii) If in [x,y,z,t;u,v]5 where the entries are variables, u < v, 
exchange u and v; then the commutator is replaced by its negative 
and the last two variables are in the correct order. Similarly, if :c < y, 
exchange these; this again merely replaces the commutator by its negative-
without changing the type. We now assume that x > y and u > v. Now, 
if [x,y,z] is not basic, that is if y > z, use Jacobi's identity to 
write [x,y,z] = ~[y,z,x] - [z,x,y] mod Then linearity and 
permutation of entries gives 
[x,y,z,t;u,v] = -[y,z,x,t;u,v] - [z,x,y,t;u,v] 
= -[y,z,x,t;u,v] + [x,z,y,t;u,v], 
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that is [x,y,z,tju,v] is expressed in terras of two commutators of the 
same type in which the first three entries form a basic commutator. 
Assume therefore nox7 that in [xsy,z,t;u,v] u > v and x > y, z >_y. 
If now 2 > t, write by means of the Jacobi identity again, 
[x.y^z^t] = -[ZjtjXjy] - [tjx,y],z] mod X^^^ 
= -[z,t:x,y] + [x,y,t^] mod X^^^ 
giving 
[x,y,z,t;u,v] = -[z,t:x5y;u»v] + [x,y,t,z;u,v] <, 
If here [z^t] > [x,y] < [Ujv]^ then [z,t;x5y;u,v] is basic. If 
[z,t] < [x,y], exchange [z,t], [x,y] (here the entries permuted are 
commutators of weight 2). So we may assume that [z,t] > [x,y]. 
Suppose that [xjy] > [ujv]. Then the Jacobi identity and permutation 
of entries gives at once 
[z,t;x,y;u,v] = -[x,y;u,v;z,t] - [u,v;z,t;xy] 
-[x,y;u5v;z,t] + [z,t;u,v;x,y] 
x^hich are basic. Now if t ^  y the commutator [x,y,t,z;u,v] is basic. 
If t < y, again by the Jacobi identity and permutation of entries, 
[x,y,t,z;u,v] can be expressed as a sum of two basic terms of type (4,2). 
(iii) We may assume that x > y, t > u. If [x,y,z] is not basic 
write by means of Jacobi's identity and permutation of entries 
] in terms of commutators of the same type in which the first 
three entries form a basic commutator and the last three are t,u,v. 
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If [tjUjv] is not basic5 the same process expresseseach of these commutators 
in terms of corarautators of type (3,3) in vrhich the first three entries 
and the last three entries form basic commutators. So assume [x,y,z], 
[t,u,v] are basic in [x,yjZ^t,u,v]. If this is not basic, that is if 
[x.y^z] < [t,u,v], exchange [x^y^z], [t,u,v]. 
(iv) Assume that x > y , z > t , u > v and that [xjy] > [z,t]. 
Then if [x,y5z,t;u,v] is not basic, that is if [2,t] > [u,v] 
obtain [x,y?z,t;u,v] in terms of basic commutators of the same type by 
using Jacobi's identity and by permuting entries. 
Proof of Corollary. This is immediate: from linearity, one first obtains 
a sum of commutators of the same type as c whose entries are variables; 
to these the lemma applies. 
(3.1) The laws of ^^(Ng). 
The law of ^^(Ng) that we obtain from [1] in this case is w(4,6)j 
w(4,6) = I , where S is the group of 
aeS 
permutations of {1,2,3,4,5}, 5(a) = 1 or -1 according as a is an 
even or odd permutation. Let K be the subgroup of S generated by the 
transpositions (2i-l 2i) with i e {1,2}. Then by [1] again, w(4,6) 
can be rewritten in the form: 
w(4,6) = I e (T)[[X.,X ],[x, ,x 
xeT 
where T is an arbitrary transversal of K in S. An expression for 
w(4,6) in terras of basic commutators is given in Appendix 3 (see (A.3.1.1), 
p.A.26.). 
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lie a g a i n w a n t t o e l i m i n a t e a s many o f t h e b a s i c c o m m u t a t o r s a s 
p o s s i b l e t h a t , i n F^CN^), become d e p e n d e n t a s a c o n s e q u e n c e o f a d d i n g 
t h e l a v ; w(45 6 ) . I t i s t e d i o u s t o c p m p u t e r e l a t i o n s f r o m a s 
i t i n v o l v e s a l a r g e number o f t e r m s . We h a v e , h o w e v e r , f o u n d two l a w s 
i n F ^ ( N g ) v j h i c h we d e r i v e w i t h t h e a i d o f w ( 4 , 6 ) a n d w h i c h i n v o l v e 
l e s s t e r m s . T h e y a r e w ^ ( A s 6 ) a n d ^iJ^i^fS) ( s e e ( A . 3 . 1 . 2 ) , p . A . 2 6 . ) 
f o r t h e i r e x p l i c i t f o r m s ) . To d e r i v e t h e s e l a w s , we s e t 
X = — [x^ jX^ jX^ jXj^] + [Xg jX^ , X 2 jx^ — [x^ 5,X2 jx^ jX^ 
+ [ X g i x ^ j x ^ j X ^ ] — [Xg jX^ j X ^ j x ^ jX^] + [ X g j X j 5 X 2 ] 
~ [ x ^ 5 X 2 ' x ^ j X ^ l 
+ [Xg jX^ 5X2 jXj^ s X^ — [x^ , X 2 ^ i X ^ j X ^ ] + [Xg jx^ »X2 jx^ , 
y ~ " [ x ^ j X ^ j x ^ 5 X 2 j X g j X j ^ ] + [ x ^ j X ^ 9 X 2 s X ^ j X ^ ] — [ x ^ 5 X 2 j X ^ J X g 
" ^ [ x ^ j X ^ j x ^ j X ^ ; X g , X 2 ] ~ [ x ^ j X ^ j x ^ 5 X 2 ] + [ x ^ , x ^ 5 X ^ , X 2 5 X g y X 2 ] 
— [ x ^ 5 X 2 jXj^ j X g jX^] + [x^ 5X2 j x ^ j X ^ ] [x^ , X 2 jX^ jX^] 
"^[x^ jX^ 5X2 ?Xg ] — [x^ , X 2 ; X^ , X^ JXg jX^ ] + [x^ jXj^ JX^ 5X2 j X g , X^ ] 5 
z = 2 5 X 2 , X 2 ] ~ 2 [ X g j x ^ j X j ^ 9 X 2 ] + 2 [ x g , x ^ 3 x 2 , x 2 5 x ^ , x ^ ] 
~ [x^ , X 2 J X2 J X^ ] + [x^ 5X2 J X^ jXj^ jx^ ^ ] ~ [x^ jx^ 9X2 jX^ 
T h e n 
w ( 4 , 6 ) = z + 2x + y . 
L e t Uj^  b e t h e laxif o f ^^(Mg) o b t a i n e d b y i n t e r c h a n g i n g x^ a n d x^ i n 
w ( 4 , 6 ) . One c h e c k s t h a t 
u^ = - z + 2y + X . 
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Hence, 
u^ = w(4s6) + Uj^  = 3x + 3y = 3(x+y) 
is a law of F,(N^) and since this is torsion-free, 
4 =6 ' 
U3 = X + y 
is also a law of F.(N-). From this we deduce immediately that 
H =0 
w(4,6) -- u^ = z + X is a law in F^(Ng) and so is -z + y. We put 
u^ = z + X, 
and 
w^(4,6) = -z + y. 
Now u^ is obtained from w^(4,6) by interchanging the variables x^ 
and x^; also Wj^(4,6) + u^ = u^ and u^ + u^ = w(4,6), so that w(4,6) 
is a consequence of Wj^(4,6). 
Interchange x^ and x^ in w^(4,6) and denote the result by u^. 
Then one checks that u^ - Wj^(4,6), which is a law in F^(Ng) is a square 
in X mod ^ ^ y ^ namely 
[Xg5X2jXj^jx^5X3] + " 
~ 2 5 * 2 
Hence the expression of which it is the square also is a law; this we 
denote by W2(4,6) (see (A.3.1.2),p.A.26,). 
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Our derivation shows the following situation: wCA^G) together 
with the nilpotency law defines a variety in which the free group of rank 
6 may contain elements of order 3 (namely every value of x + y in that 
group) and of order 2 (namely every value of vi^ ^^ .^^ S)). We do not know 
whether such elements of finite order actually occur, but we do know that 
the group F^(N^), which belongs to this variety, is torsion-free. 
Hence in it x + y and laws, that is x-ir^ (4,6) and 
are laws. Moreover w(4,6) follows from these. 
We now show that the set of laws U = {w^(4,6)5 W2(4,6), [ x ^ , x 2 9 . . . } 
form a basis of laws for F^(Rg). Denote by U the variety defined by U. 
Let V e W^ , , where wf , = {Hkercp/cp : F.(U) F, (U)}, and let v be 
x<n-itten as a linear combination with integral coefficients of distinct basic 
commutators. Then (by Lemma (1.2.9)) each of these has x^eight 6 and 
(by Lemma (1.2.12)) we may further assume that v is homogeneous of 
weight 6 in 6 generators, that is v is a linear combination of basic 
commutators of weight 6 in 6 generators of 4 types: left-normed, 
type (3J3)5 type (4,2) and type (2,2,2). Assume without loss of generality 
that V is a linear combination of all such basic commutators. We compute 
relations in Fg(y) from the laws w^(4s6), W2(4,6) and eliminate the 
following superfluous generators (see A.3.1.3), p.A. 27.-A..28.), 
^^578' ^579' ^^580' ^^583' '^ 604* 
Nov; write v in the form 
V = v^ + V2 + V3 + v^, 
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where v^ Is the component of v consisting of left-normed basic commutators 
alone, v^ is the component of v consisting of basic commutators of type 
(3,3) alone, v^ is the component of v consisting of basic commutators 
of type (4,2) alone and v^ is the component of v consisting of basic 
commutators of type (2,2,2) alone. Then we have: 
(3.1.1) The commutators in v^ ^ have trivial coefficients, that is v^ 
is trivial. 
Proof. To begin with, we note that v^ consists of the left-normed 
basic commutators d^g^, d^^^, d^g^, d^^^, d^g^. Hap v by the 
homomorphisms: 
1 1 1 
2 1 2 
3 -»- 1 3 
4 ^ 2 4 
5 ^ 3 4 
6 -> 4 4 . 
Now under cf^ , ^486' mapped into the trivial element 
while d-o^ s, d.Qo, go into distinct left-normed basic commutators 487 4oo Hcjy 
in 4 generators. Since (by Lemma (3.0.1)) no other images expressed 
in terms of basic commutators contain left-normed basic commutators we 
see that (1.2.2) together with v^f 3 implies that e^g^ = e^^g = e^gg = 0. 
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Similarly x^ e show that = = 0. 485 486 
(3.1.2) The commutators in v^ have trivial coefficients, that is v^ 
is trivial. 
Proof- It follows from Lemma (3.1.1) that v = v^ + v^ + v^. We 
first shoxi? that v^ e Let cp be any homomorphism of F^CU) into 
F2(U). Then vcp = v^ cp + v^ cp + v^ c^p. Write vcp (that is v^^, v^ P^ and 
v^cp) in terms of distinct basic coitanutators. Then (1.2.2) with 
v = 0 shows that the coefficients of these commutators are trivial. 
Since (by Lemma (3.0.1)) v^ P^ and v^ cp do not contain commutators of 
type (3.3) and v^ cp consists of basic commutators of type (3,3) alone 
we must have V29 = 0, Now is arbitrary, hence v^ e W^ 
Suppose now that c, = [x,y,z;t,U5v] is any basic commutator occurring 
in The coefficient of this is trivial as the following argument shows. 
Map V2 by the homomorphism: 
9 
X 4 
y ^ 1 
z 1 
t ^ 3 
u 2 
V 2 
Under cp, c, is mapped into c^ = . Suppose the basic 
commutator c^  = [a,b,c;d5e,f] occurs in v^ and its image, when expressed 
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in terras of basic commutators, contains c'^ .^ Then [a,b,c] equals 
[x,y,z] or [tju^v]. For if [a,b,c] i [x^y.z] and [ajb.c] + [t,u,v], 
then in [^ cp,bcp,ccp;dcp5ecp,fq)]»[acp,bcp,ccp] [4,1,1] and 
[acp,bcp,ccp] [3,2j2]. Consequently the expansion of Cjj^  9 into basic 
commutators will not include c^, a contradiction, Kence 
[a,b,c] = [x,y,z] or [a,b,c] = [t,u,v]. Similarly [d,s,f] = [x,y,z] 
or [djejf] = [tjU,v]. But if [x^yjZ;t,u,v] is basic, then [t,u,v;x,y,z] 
is not; therefore c^ - c, that is c, is the only basic commutator in 
V2 whose image contains the commutator c^. Hence (1.2.2) with 
v^*^ = 0 now shoT-7s that the coefficient of Cj is trivial. 
(3.1.3) The commutators in v^ have trivial coefficients, that is v^ 
is trivial. 
Proof. We have v = v^ + v^. Suppose that c = [x,y,2,t;u,v] occurs 
in v^ and cp is the homomorph-i.^m: 
x 2 
y ^ 1 
z ^ 1 
t ^ 1 
u 4 
v ^ 3. 
Then, vcp= 9 + v^ cfJ Expand vcp (that is v^cp, v^cp) into basic 
commutators. Under cp, c is mapped into the commutator c^ ^ = [2,1,1,1;4,3]. 
Now (by Lemma (3.0.1)) v^cp does not contain any commutator of type (4,2) anc 
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hence does not contain c^. This means that a commutator in v whose 
image contains c^ must be of type (4,2), that is in v^. Furthermore, 
any such commutator in v^ must have u and v as its last two entries. 
Hence [x5y,Z5t;u,v], [zjy.XstjUjv], [t,y,x,2;usv] are the only possible 
commutators in v^ whose images contain c^. Novt the last two commutators 
have trivial images. Thus [x5y,z,t;u,v] is the only commutator in v^ 
(and so in v^ + v^) whose image contains c^ .^ Nov? (1.2.2) with 
(v^ + v^) c p = 0 gives immediately that the coefficient of c is trivial. 
(3.1.4) The commutators in v^ have trivial coefficients, that is v^ 
and therefore v, is trivial. 
Proof. We now have v — . Since the commutators d^^g, d^^^, ^580* 
dcoij ^rm are eliminated (see(A.3.1.3), we may assume JoJ OU4 
that they are not present in v^. Suppose c = [6,x;y,zj5,u] is in v^. 
We want to show first that c has trivial coefficient. Hap v by the 
homomorphism: 
cp 
6 4 
X 3 
y - 2 
z ^ 1 
5 ^ 2 
u 1. 
Under cp , c is mapped into the commutator c^ = [4,3;2,1;2,1]. Now 
any coirj'jtator in v^ whose image contains c^ ^ must have 6,x as its first 
and second entry respectively. The only commutator in v^ other than c 
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with this property is c' = [6fX;\i,zi5.,y]. But this has trivial image, 
hence c is the only commutator in v^ whose image contains c^. Again 
(1,2.2) with v^ cp = 0 gives that the coefficient of c is zero. Similarly 
we shoii? that the coefficient of c' is trivial. Thus V7e see that in v^ 
commutators of the form [6s,x;y,z;t,u], x e {152,3,4} (note that for each 
X e {152,3,4} taere are only two such commutators in v^) have trivial 
coefficients. To shovr that the other commutators in v, have trivial 4 
coefficients, we find the follov/ing lemma useful. 
(3.1.5) Lemma. Suppose v e ^ and v is expanded into basic 
commutators. Let x e {1,2,3,4}. If the nimiber of commutators in v 
with 6 and x as their first and second entry respectively is less 
than or equal to 2, then their coefficients are trivial. 
Proof. Without loss of generality we assume that there are two commutators 
say c^, c^ with the given property. Then if neither c^^ nor c^ 
is a commutator we have eliminated, the foregoing argiment gives immediately 
that they have trivial coefficients. If one of them say c^^ is a commutator 
we have eliminated, direct substitution and grouping of like-terms 
in the result gives again that the coefficients are zero. This proves 
the lemma. 
We have now reduced the problem to the stage vrhere direct application 
of suitable endomorphism to v^, using as usual the fact that w| ^  is 
fully invariant in ^^(U), will with the aid of Lemma (3.1.5) show 
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t l i a t a l l t h e remain ing b a s i c conunutators i n v^ have t r i v i a l c o e f f i c i e n t s . 
The compu ta t ion i s g iven i n t h e Appendix ( s e e ( A . 3 . 1 . 4 ) , p . A , 2 8 . - A . 3 0 . ) . 
Thus we have p roved ; 
( 3 . 1 . 6 ) Theorem. The s e t of laws {w^(4 ,6 ) , [ x ^ j x ^ , . . . } 
i s a b a s i s of lavrs f o r F, ( N , ) . 
( 3 . 2 ) The laws of F „ ( N , ) . J =b 
Let u = [w(3 ,5) ,Xg] where w(3 ,5 ) i s t h e law of FgCN^) g iven 
i n page 19 of Chapter 2. Tlien, by ( 1 . 2 . 1 5 ) , u i s a law of F ^ d ^ ) 
which d i s t i n g u i s h e s F2(Ng) from N^. In terms of b a s i c commutators 
( s e e ( A . 3 . 2 . 1 . ) , p . A . 3 0 ) , 
U = — [ x ^ j X ^ > x ^ ' X ^ + [ x ^ j X ^ ^ X ^ - [ x ^ , X g ^ X ^ j X ^ ] " 
' ^ 4 ^ "" ' ^ ' l ' ^ 4 * ^ 3 ^ 
+ jX^ jXg jX^ jXj^ X , — [x^ jX^ jX^ 5X2 jX^ — [x^ 5X2 JXj jX^ jX^] + 
Let 
^ j X ^ " X g 5 X 2 - [ x ^ j x ^ jX2 , 
W2(3>6) — [x^ jX^ 5X2 jXj^] - [x^5x2 5Xj5Xg;x2,x^] + [ x ^ j x ^ j x ^ ^ x ^ x^ jX^] 
+[X25X2SX2,X^'X^,X^] - [ x ^ j X ^ 9 X 2 ] + [ X 2 , X g s x ^ j X ^ ] . 
Hoxi7 Lemma ( 3 . 0 . 1 ) i m p l i e s t h a t Xi7^(3,6) and hence W2(3,6) a r e laws 
of F2(Ng). On t h e o t h e r hand, t h e laws w^(4 5 6) = - z + y , W2(4,6) of 
F^(Ng) g i v e n i n t h e appendix ( A . 3 . 1 . 2 ) , p .A.26) t o t h e p r e s e n t c h a p t e r 
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a r e a l s o l a w s o f F^CH^,). We w i l l p r o v e t h a t z, and hence y ( p . 3 3 ) , 
I s a c t u a l l y a lax^ o f 
J =o 
( 3 . 2 . 1 ) Lemma. The v;ord z = - 2 [ x ^ , x ^ ; x 2 , x ^ ; x ^ , x 2 ] 
i s a law o f F^CN^). 
P r o o f . L e t a ^ , i = 1 , 2 , . . . 5 6 be a r b i t r a r y e l e m e n t s o f F ^ C N ^ ) . 
W r i t e a ^ , i e { 1 , 2 5 . . . , 6 } i n t h e form; 
a^ = a ^ C D g j ^ + cX i(2)g2 + a i ( 3 ) g 3 + c 
where a ^ ( j ) , j = l , 2 , 3 a r e i n t e g e r s and c i s a sum o f commutators o f 
w e i g h t g r e a t e r t h a n or e q u a l t o 2 . S u b s t i t u t e a^ f o r x^ i n 2 and 
d e n o t e t h e r e s u l t by z ' . T h e n , on e x p a n d i n g , l i n e a r i t y g i v e s each 
t e r m i n z ' a s a sum o f terms whose e n t r i e s a r e g e n e r a t o r s . L e t S ^ , 
i = l , 2 , . . . , 6 be t h e sums o b t a i n e d by e x p i n d i n g r e s p e c t i v e l y t h e terras 
, , . I n what 
f o l l o w s t h e g e n e r a t o r g^ w i l l a g a i n be a b b r e v i a t e d to i . L e t 
Cj^  = [ i j ^ , 1 2 5 1 3 , i ^ ; i 3 s l g ] be a commutator i n S^ and denote i t s 
c o e f f i c i e n t b y 2X. Then X = a g ( i ^ ) a ^ ( i 2 ) a 2 ( i 3 ) a ^ ( i ^ ) a ^ ( i ^ ) a 2 ( i g ) and 
c^ i s t h e o n l y term i n S^ whose c o e f f i c i e n t i n v o l v e s p r e c i s e l y t h e same 
s y m b o l s c t ^ ( j ) a s X. I l o r e o v e r , C2 = [ i ^ , i 2 - i g j i ^ l i ^ . i ^ ] , 
C3 = ^^ = [ 1 5 . 1 ^ 5 1 3 , , C3 = [ i 5 , i 3 ; i ^ , l ^ ; i ^ , i 2 ] , 
Cg = a r e t h e o n l y terms i n S 2 , S 3 , . . . , S ^ r e s p e c t i v e l y t h a t 
o c c u r w i t h c o e f f i c i e n t s i n v o l v i n g t h e s e same a^^Cj) a s X ; i n f a c t t h e 
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coefficients are, in order^ -2\, 2X, - X , X, -X. Now, because 
only 3 generators occur altogether, just one of the follox-Ting cases must 
in 
(1) (2) Ij \ (3) 
(4) 
S 
i. 
I4 \ I5, 
= = 
(5) C I4 ij. 
-
(6) L \ I4 ^ s - = 
One checks that in every case 2c. - 2c-, + 2c^ - c, + c^ - c, = 0, 
1 2 3 4 5 6 ' 
and the common coefficient >> makes no further difference. Since the 
number of terms contained in S^ is the same for all i e {1,2,...,6} 
and no two terms in S^ have coefficients formed from the same set of 
symbols if we now let c^ ^ run through the terms in S^^; then 
c^ also runs through the terms in S^ for each i e {2,3, ...6}, 
and S, + S- + ... + S, = 0 follows. Hence z' is zero and z is 1 Z D 
a law of F^CNg). 
Denote by W2(3,6), w^(3,6), w^(3,6) respectively the laws z,y, 
w-(4,6) of F_(N-) and by U the variety defined by U, where 
2 J =D = 
U = {wj^(3,6), W2(3,6), x ^ 3 ( 3 , 6 ) , w ^ ( 3 , 6 ) , w ^ ( 3 , 5 ) , [x^JX^ ,... } . We 
will show that U is a basis of laws for F^CW^). As usual, relations 
in F,(U) are obtained from the laws in U and superfluous generators D = 
eliminated; Lemma (3.0.1) is essential to these computations. 
Those eliminated are (see (A.3.2.2) - (A.3.2.4), p. A.31-A.38): 
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^509' SlO' S i r ^520^ ^21' S22' S23' S28' S29 
S45' S54' SbV S58' See' S69' S70' S72' S73 
S74' S75' ^76' S77' S78' Sir Sso^ Ssi' ^584 
^92' S9O' S93' S96' S99-
Let V e W| where „ = {Hkercp/^ ° F, (U) Fo(U)} and let O,J C,J O = J = 
V be written as a linear combination with integral coefficients of 
distinct basic commutators. Then Lemmas (1.2.13), (1.2.14) give that 
each commutator in v has weight 5 or 6 and involves at least 4 
generators. Write v in the form: 
V = U^ + U^ + U3, 
where u^ ^ is the component of v consisting of basic commutators of 
weight 5 in precisely 4 generators alone, u-j is the component of v 
consisting of basic commutators of weight 5 in precisely 5 generators 
alone and u^ is the component of v consisting of basic commutators of 
weight 6 alone. Then we have: 
(3»2.2) The commutators in u^ have trivial coefficients, that is u^ 
is trivial. 
Proof. We use the terminology that a commutator of the form [x,y,z;t,u] 
is a commutator of type (3,2). Thus u^, u^ consist of two kinds of 
commutators, namely left-normed and type (3,2). First we show that the 
left-normed commutators in u^ ^ have trivial coefficients. Map v by the 
homomorphisms: 
45 . 
^11 ^12 ^13 
1 1 1 1 
2 •> 1 2 2 
3 -> 2 2 3 
4 -»• 3 3 3 
5 ^ 0 0 0 
5 0 0 0 
We need only consider tlie images of commutators of weights 5 and 6 in 
precisely the generators 1,2,3,4. Under i e {1,2,3}, the left-
normed commutators in u^ are mapped into basic commutators of the same 
type. Since the expansion of a commutator of weight 6 when expressed 
in terms of basic commutators does not contain commutators of weight 5, 
and that of a commutator of type (3,2) does not contain left-normed 
commutators, we can obtain equations in the coefficients of the left-normed 
basic commutators in u^ by considering only the images of these commutators, 
They have trivial coefficients (see (A.3.2.5), p. A. 38 - A.39). It 
follows that left-normed commutators in precisely 4 generators in u^ 
have trivial coefficients. We now show that commutators of type (3,2) 
in u^ also have trivial coefficients. Map v by the homomorphisms: 
CP21 ^22 ^23 ^24 
1 1 1 1 1 
2 ->• 2 2 2 (2,11 
3 - > 3 3 (2,11 2 
4 -v (2,11 [3,11 3 3 
5 0 0 0 0 
6 0 0 0 0 
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Only images of basic commutators of type (3,2) in precisely the generators 
IjZjSjA need be considered. The coefficients of these commutators are 
trivial (see (A.3.2.6), p.A.39-A.^0). Hence the commutators of type (3,2) 
in precisely 4 generators have trivial coefficients and we conclude that 
all commutators in u^ have trivial coefficients, that is u^ is trivial. 
(3.2.3) The commutators in U2 have trivial coefficients, that is 
u^ is trivial. 
Proof. We have v = U2 + u^. Tlap v by the homomorphism; 
1 - ^ 1 1 
2 - ^ 1 2 
3 1 3 
4 ^ 2 3 
5 3 3 
6 - ^ 0 0 
We see at once that the left-norm.ed commutators in u^ namely 
[2,1,3,4,5], [3,1,2,4,5], [4,1,2,3,5], [5,1,2,3,4] have trivial 
coefficients. Suppose c^ = [x,y,z;t,u] is any commutator of type 
(3,2) in u^. We will show that c^ has trivial coefficient. Hap 
V by the homomorphism if which takes u - ^ 1 , x^-[3,2j, 
y 3, z 3. Only images of basic commutators of type (3,2) in 
precisely the generators 1,2,3,4,5 in v need be considered since 
commutators of weight 6 are mapped into the trivial element. Under ip, 
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c^ is mapped into c' = [ 3 , 2 , 3 5 3 , N o w any commutator 
c = [ajbsCjdje] in precisely the generators 1,2,...5 whose image 
under ij^  when expressed in terms of basic commutators contain c' 
only if [d,e] = [t,u]. For, if [d,e] ^ [t,u], then in 
cif) = [ail^ sbiffjCilJsdil^ jeiM 5 [dij^ ,e-ijj] = [2,1], The image cip is either of 
type (2,2,2) or (4,2), If it is of type (2,2,2), then by Lemma (3,0.1) 
its expansion into basic commutators consists only of commutators of the 
same type and so cannot contain c'. If it is of type (4,2), then by 
Lemma (3.0.1) again, its expansion into basic commutators contains only 
commutators of type (4,2) whose last 2 entries are dii and e\p and so 
cannot contain c'. In either case, w e arrive at a contradiction. 
Hence w e must have [d,e] = [t,u]. Now the only other commutator 
of type (3,2) in precisely the generators 1,2,...5 which satisfies this 
condition is [z,y,x;t,u]. But this is mapped by ijj into the trivial 
element. Hence c^ is the only such commutator whose image in terms 
of basic commutators contains c' when expanded. Hence (1.2.2) together 
with v^ = 0 now gives that the coefficients of c' is trivial. This 
implies that in v all basic commutators of type (3,2) in precisely the 
generators 1,2,...,5 have trivial coefficients. Hence, in v the basic commutators 
of type (3,2) in precisely 5 generators have trivial coefficients, that is u^ 
is trivial. 
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We may nox^ assume that v is homogeneous of weight 6 in 6 
generators. Again let v be written in the form; 
V = v^ + v^ + v^ + v^, 
where, v^ is the component of v consisting of left-normed basic 
commutators alone, v^ is the component of v consisting of basic 
commutators of type (3,3) alone, v^ is the component of v 
consisting of basic commutators of type (4,2) alone and v^ is the 
component of v consisting of basic commutators of type (2,2,2) alone. 
We have: 
(3.2.4) The commutators in v^ have trivial coefficients, that is v^ 
is trivial. 
Proof. Map v by the homomorphisms: 
1 ^ 1 1 
2 ->• 2 1 
3 3 1 
4 -V 4 2 
5 -V 4 3 
6 - ^ 4 4 
and obtain immediately that the commutators in v^, namely 
[2,1,3,4,5,6], [3,1,2,4,5,6], [4,1,2,3,5,6], [5,1,2,3,4,6], 
[6,1,2,3,4,5], have trivial coefficients. 
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(3.2.5) The commutators in V2 have trivial coefficients, that is 
Vj is trivial. 
Proof. We have v = v- + 4- v,. Nox7 v-, e . as a consequence 
Z i 4 Z D5J 
of Lemma (3.0.1), as in the case of the free group of rank A. Thus 
we deal separately with v^, and then with v^ + v^. First 
introduce: 
we 
(3.2.6) Lemma. Suppose that ^ e W | ^ ^^^^ w is a linear 
combination with integral coefficients of distinct basic commutators 
of type (3,3) in 4 generators in each of which the same one 
generator g^ appears three times. Then the commutators in w have 
trivial coefficients. 
Proof. Suppose that g^ is g^. Map w by the homomorphismss 
1 1 
2 - ^ 1 
3 - ^ 2 
4 ^ 3 
5 ^ 0 
6 0 
The commutators in w have trivial coefficients. (see (A. 3.2.7.), p.A-"^!) 
To show that the 
commutators in xi? have trivial coefficients in the case 
where g^ e {g2^,g2>g3)> map w by the endomorphism ? of Fg(U) 
^32 cp 
1 1 
2 2 
2 3 
3 3 
0 0 
0 0 
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which takes i to 4, 4 to i and each of the other tt^ ro generators into 
i t s e l f . Tlien w? iirhen expressed in terns of basic commutators consists 
of commutators in each of which the generator g^ appears three times. 
Now since i s fu l ly invariant in Fg(U), w? e ^ ^^  Hence, by 
the f i r s t part of the proof , the coe f f i c i ents of the commutators in the 
expansion of w? are t r i v i a l ; thus w|, and hence w, i s again t r i v i a l . 
This completes the proof . 
Nov; map v^ by the following endomorphisms of ^'g(y). 
^43 ^44 ^45 ^46 ^47 ^48 ^49 ^410 
1 - ^ 1 1 1 1 1 1 1 1 1 1 
2 - " 1 1 1 1 2 2 2 2 2 2 
3 - ^ 1 2 2 2 1 3 1 2 3 3 
4 ^ 2 1 3 3 1 1 3 3 3 4 
5 - ^ 3 3 1 4 3 1 1 4 4 4 
6 - ^ 4 4 4 1 4 4 4 2 3 4 . 
Again since ^ ^ i s fu l ly invariant in F^CU), ^ ^ 3 
for each i e { l , 2 , . . . ,10). Write wCp^ ,^ i e { 1 , 2 , . . . , 1 0 } as a 
linear combination with integral coe f f i c i ents of dist inct basic commutators. 
Lemma (3 .2 .6) now gives that these coe f f i c i ents are t r i v i a l . The 
resulting relations between the coe f f i c i ents of the commutators in v^ 
show that these also are t r i v i a l (see (A .3 .2 .3 . ) , p.A.A2-A.45). 
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(3.2.6) The commutators in v^ have trivial coefficients, that is 
Vg is trivial. 
Proof. Mow V7e have v = v^ + v^. Since the commutators 
d^^^ = [4,1,2,3;6,5], d^^^ = [3,1,2,4;6,5], d^^^ = [3,1,2,5:6,4], 
d55g = [3,1,2,6;5,4], d^^^ = [2,1,3,4;6,5], d^^^ = [2,1,3,5;6,4], 
d^^^ = [2,1,3,6;5,4], d^^^ = [2,1,4,5;6,3], d^^^ = [2,1,4,6;5,3], 
d^^^ = [2,1,5,6;4,3] 
are eliminated (see (A.3.2.3), p.A. 33-A. 35), we may assume that they 
are not included in v^. Before this elimination, there are, corresponding 
to every set of 3 generators {y,Z5t}, y < z < t , y j ^ S ^ a t most 3 
basic commutators in v^ having yjZjt as their second, third and 
fourth entry respectively. Suppose that {x,u,v} = {1,2,,..,6}\ 
{y,z,t} and x > u > v. Then for y = 1, the commutators are 
Cx,y,z,t;u,v), (u,y,z,t;x,v) and [v,y,z,t;x,ul; for y = 2, the 
commutators are [x,y,z,t°U5v] and (u,y,z,t;x,vl; for y = 3, the 
commutator is {x,y,z,t;u5vl. As a result of the elimination of the 
commutator [v,y,z,t;x,u] for y =» 1, we have that for this value 
of y, the commutators are Ix,y,z,t;u,v] and '(u,y,z,t:x,v3. 
Nov; let c^ = [x,l,z,t;u,v] be any commutator in v^ whose second entry 
is 1 and assume without loss of generality that x > u > v. We will 
show that the coefficient of this commutator is trivial. Map v by 
the homomorphisTO (p which takes l.Zjt into 1 and x,u,v into 
2,3,2 respectively. Under c^ is mapped into = [2,1,1,1°3,2]. 
52 , 
Now by Lemma (3.0.1) any commutator in v whose image when expanded 
into basic commutators contains c^ is in v^. But in v^ a 
commutator has this property only if it contains l,z,t as three of its 
first 4 entries. The only possible such commutators in v^ are 
[ujljZjt jx,v] and those xi^ hich are of the form [ z , ! , , 
[ t , l , . J . ] . But these are mapped by 9 into the trivial element. 
Hence c^ is the only commutator in v^ (and hence in v) whose 
image when expanded into basic commutators contain c^. Thus (1.2.2) 
with V c p = 0 now shows that the coefficient of c^ ^ is trivial. 
Therefore we conclude that commutators of the form [x,l,z,t;u,v] have 
trivial coefficients. We may nox^  assume that they are not included in 
v^. Let c.^  = [xs25Z5t;u,v] be any commutator in v^ whose second entry 
is 2. Again assume that x > u > v. This implies that v = 1. 
Map V by the homomorphism ip which takes 2,2,t to 1 and x,u,v to 
2,3,2 respectively. Under ip ^  c^ is mapped into c^ = [25l,l,l;3,2], 
[u,2,z,t;x,v] is another commutator in v^ whose image when expanded 
into basic commutators contain c^. Any other commutators in v^ having 
this property must be of the form: [z , 2 , , [t . ^ .;.,.], 
[2,v,z,t;x,u]. The first two are mapped into the trivial element. 
The last one is not present in v^ by the first part of the proof. Hence 
C2 is the only commutator in v^ whose image when expanded into basic 
commutators contain c^. Thus the commutator [x,2,z,t;u,v] has trivial 
coefficient, and so we conclude that in v^ commutators of the form 
[x,2,z,t;u,v] have trivial coefficients. We may now assume that they 
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are not present in v^. Finally, let c^ = [x53,z,t;u,v] be any 
commutator in v^ whose second entry is 3. Assume again that 
X > u > V. Map V by the homomorphism 0 which takes 3,2,t to 1 
and x,u,v to 2,3,2 respectively. Under 0, c^ is mapped into 
c^ = [2,1,1,1;352]. As before we can show that c^ is the only 
commutator in v^ whose image when expanded into basic commutators contains 
c^. Thus Cg has trivial coefficient and we conclude that in v^j 
commutators of the form [x,3,z,t;u,v] have trivial coefficients. Thus, 
all commutators in v^ have trivial coefficients, that is v^ is trivial. 
(3.2.7) The commutators in v^ have trivial coefficients, that is v^ 
is trivial. 
Proof. We have v = v^. Since some commutators of type (2,2,2) 
have been eliminated (see (A. 3.2.4), p.A.3 5-a. 38) ^  we may assume 
that they are not included in v^^ that is v^ is a linear combination 
with integral coefficients of the 16 commutators listed in the 
appendix (see (A. 3. 2.9), p. A. 46). Hap v by the homomorphisms 
^51 % 2 ^53 
1 -> 1 1 1 
2 - ^ 1 2 2 
3 2 1 2 
4 -»- 2 2 1 
5 - ^ 2 2 2 
6-^ 3 3 3 . 
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Under Cp^ j^ . c^ = [6,3;4,1^5,2] is mapped into c^ = [3,2^2,1;2,1] and 
is the only commutator in v^ whose image when expanded into basic 
commutators contains c^. Hence (1.2.2) with = 0 gives that 
the coefficient of c^, namely e^g^s is trivial. Similarly using 
the homomorphisms "^53' show that the coefficients 
^585' ^588 ^^^ trivial. Now map v by the homomorphisms: 
^62 ^^63 ^ 54 ^65 ^67 ^ 8 ^69 ^610 %11 
1 - ^ 1 1 1 1 1 2 1 2 1 1 2 
2 - > - 1 1 2 1 2 1 1 1 2 2 1 
3 ^ 1 1 2 2 2 1 2 2 1 3 2 
4 - ^ 2 2 2 3 3 2 2 1 2 1 1 
5 - » - 3 2 3 3 3 3 3 3 3 2 2 
6 - > - 3 3 3 3 3 2 2 2 2 2 3 . 
Again we obtain equations in the coefficients of the commutators in v^. 
We solve these and obtain that ^594' ^595' ^597' ®600 ^^^ trivial, 
and that = ®589'^586 " ""^589' ^595 " ^601' ^598 " "^601; 
= (see (A.3.2.10),p.A.46-A.49) so that v, can now be DO-J oUi H 
written in the form: 
V/ = e,„,{-[6,l;4,3;5,2] + [6,l-4,2;5,3] - [6,1;3,2;5,4] 
4 OUi 
+[5,1;4,3;6,2] - [5,1;4.2;6,3] + [5,1;3,2;6,4]} 
-I- egQ3[4,2;3,l;6,5]. 
Now map v^ by the homomorphisms; 
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^71 ^72 ^73 
1 ^ 1 1 1 
2 ^ 2 2 1 
3 ^ 2 3 3 
4 3 2 2 
5 1 1 1 
6 2 2 3 
We check that 
(1) Under v^cp^^ = + , 
so that + ^603 
(2) Under cp^^, v^ cp:^ ^ = ,2^2,1^2,1]. so that e^^^ = ^ 
and so = 0 by (1). 
(3) Under cp^^, v^cp^^ = so that e^^^ = 0, 
Thus, the commutators in v^ have trivial coefficients and the proof 
is complete. We have: 
(3,2.8) Theorem. The set of laws {x<r^(3,6) ,... sW^(3,6) , 
[xj^jx^jo.. jX^]} is a basis of laws for F^CN^). 
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CHAPTER 4 
THE LAWS OF THE FREE GROUP F^(Ng) 
The basis of laws that we have found in this case consists of a 
homogeneous law of V7eight 5 in 5 variables and several homogeneous 
laws of weight 6 in 6 variables. The homogeneous law of x,reight 5 
in 5 variables is actually the law w O ^ S ) (Chapter 2, p. 19). We 
l-^ave the interpretation of this fact to the concluding chapter and 
concentrate now entirely on establishing a basis of laws for the free group 
of class 6 and rank 2. 
We obtain immediately (by (1.2.15), p.18) from the laws w^(255)5 
W2(2,5) of following laws that distinguish 
06-
y ~ [ [Xj^>^2 j X ^ ] jXg] , 
V = [ [ x ^ j X ^ j X ^ ] + [x^jX^jX^jX^jX^] — [x^jX^jX^JX^jX^]jXg]. 
In terms of basic commutators (see (A.4.1.1), (A.4.1.2), p.A.50), 
they reduce to: 
y — " [ x ^ ~ '^5^ 
— [x^ jX^>X2 jX^ j X ^ 5 
V = [x^ jX^ jX^ •X2 jXj^  — [x^ jX^ jXg ^ X^ jX^ + [x^ jXg IX^ 9X2 jX^] 
— [ x ^ j X ^ jXg jX^] + [x^ jX^ jX^ jXg JX2] - • 
From these x^ e deduce by using Lemma (3.0.1) that 
57. 
w ^ C Z . e ) = [ x ^ s X ^ . X ^ j X ^ J X ^ j X ^ ] - [ x ^ . x ^ j x ^ j x ^ X 2 , x ^ ] 5 
W 2 ( 2 , 6 ) = [ x ^ . x ^ . x g ^ x ^ . x ^ j x ^ ] - [ x ^ j x ^ j x ^ r x ^ j x ^ . x ^ ] + [ x ^ ^ X g V X ^ ^ x ^ , 
=~ [X23X29X^ jXg^x^ jX^ ] + [ x ^ j X ^ j X g x ^ j X ^ ] - [ x 2 , x ^ , x ^ , x ^ ; x ^ 5 x 2 ] , 
a r e l a w s t h a t d i s t i n g u i s h f rom 
Now e v e r y commutator [ a , b j C j d ^ e s f ] i n t h e g e n e r a t o r s o f 
t r i v i a l s i n c e [ a , b ] = ^ [ c j d ] . Hence 
i s a n o t h e r homogeneous l a w o f w e i g h t 6 i n 6 v a r i a b l e s t h a t i s n o t a 
l a w i n I v . =6 
I n t r y i n g t o show t h a t t h e s e t o f lax^s { v ; ^ ( 2 , 6 ) , W2(256) , . . . ,X7^(256) ^  
[ x , , X T 5 . . . , X T ] } fo rm a b a s i s o f l a w s f o r F , ( N , ) we met w i t h d i f f i c u l t i e s 1 2 / i. =D 
t h e n a t u r e o f w h i c h i n d i c a t e d t h a t t h e f o l l o w i n g may a l s o b e l a w s ; 
w ^ ( 2 , 6 ) = - [ x g j x ^ j x ^ j x ^ j x ^ j x ^ ] + [ x ^ j x ^ j x ^ j x ^ s x ^ j x ^ ] , 
w ^ ( 2 , 6 ) » w ( 3 , r > ) + [ x ^ j x ^ . x ^ j x ^ ^ x ^ ] - [ x ^ ^ x ^ j x ^ 
"'"[x^ jXj^ jX^ jX^ 5X21 ~ [x^5X2 jX^ jXj^] — [X2 j X ^ j X ^ ] • 
We w i l l p r e s e n t l y show t h a t t h e y a r e i n d e e d l a w s o f F 2 ( N ^ ) . 
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(4.1) Lenima. The word Wg(2,6) = + 
is a law of 
Proof. Let a^, i = l,2,...,6j be arbitrary elements of F^CNg). 
Write a^, i e {1,2,...,6}, in the form: 
where j = 1,2,3 are integers and c^ is a sum of commutators 
of weight greater than or equal to 2. Substitute a^ for x^ in 
and denote the result by w^(2 5 6). Then, on expanding, linearity gives 
each term in w^(25 6) as a sum of terms whose entries are generators. 
Let Sj^, S^ be the sums obtained by expanding respectively the terms 
[a^ja^ja^^a^.a^^ja^] of w^(2,6). If we omit the 
trivial commutators in S^ and 82, then for k e {1,2}, S^ ^ can be 
written in the form: 
+Xj^^[l,2,2:l,2,l] + X^^[2,l,l;2,l,2] + X^g[l,2,l:2,l,2] 
+X^^[2,1,1;1,2,2] + Xj^g[l,2,l5l,2,2], 
where X^^, Z = 1,2,...,8 are products of the symbols One 
finds that X^^ = -X^^; X^^ = ^13 = "^23' ^14 " "^24' ^15 " "^22' 
^16 = -^26' '17 = -^27- '18 = -'28- " ^^ ^ ^2' 
we collect the terms together whose coefficients involve the same set of 
symbols c-^Cj)} each collection of commutators adds up to the trivial 
element so that S^ + S^ is trivial. Hence w^(2,6) is trivial and 
w^(2,6) is a law of This completes the proof. 
5 Z =0 
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(4.2) Lemma. The v7ord w^CZ-G) = -[x, ^ x^ 
~ ~ 
Is a law of F,(W,). 
i. =c 
Proof. Let a^, i = 1,2,...,5 be arbitrary elements of F2(Ng). ^'rite 
i £ {1,2,...,5}, in the form: 
a^ = oi^CDgj^ + a^(2)g2 + + c^, 
where a^(l), a^(2) j y^ integers and c^ is a sum of commutators of 
weight greater than or equal to 3. As \<fyi2,6) = w(3,5) is a law in 
the 2-generator group of class five^ we know that the expansion of the 
expression obtained by substituting a^ for x^ must fall into the 
lowest term, that is it must consist of commutators of weight 6 in the 
generators. Therefore vre need only show that these disappear. 
Put b. = ot,(g ) + a (g ). Let w'(2,6) be the result of substituting X X X X ^ / 
a. for x^ in w^(2,6); s be the result of substituting b^ for x^ in 
w^(2,6).: s^^, j e {1,2,...,5} be the result of substituting in w^(2,6) 
for Xj and b^ for x^ whenever 1 H j- Then, on 
expanding, linearity gives 
Wy(2,6) = s + s^^ + 8^2 + ••• + Sj^^. 
We will first shov; that s^^ is trivial for all i e {1,2,... ,5}. The 
generator G^ is again abbreviated to 1. NOVJ 
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On expanding, linearity gives each term in s^^ ® terms in 
each of which one entry is [2,1] and the rest of the 5 entries are 
single generators. Let S^, i = 1,2,...,6 be the sums obtained by 
expanding respectively the terms [ b ^ 2 , 1 ] ], ,b^,b^;b25[2,1] ], 
+ [b^,b2,b5:b^{2,l]], [[2,l],b^,b^;b^,b^], "[[2,l],b^,b3:b^,b2], 
-[[2,1]jb^jb^lb^.b^]. Let c^ = [i^,i2,i2;i4C2,l]] be a commutator in 
S^ and denote its coefficient by X. Then X = 
and c^ is the only term in S^ whose coefficient involves precisely the 
same symbols as X. Moreover, c^ = ,1]] , 
C3 = [i^,i^,i3;i^[2,l]], c^ = [[2,l],i^,i3ri^,i2], c|[[2,1],12,13214,11], 
Cg = [[2,1],1^,13:1^,12] are the only terms in S2,S3,...,Sg respectively 
that occur with coefficients involving these same as X; in 
fact the coefficients are, in order, -X, X, X, -X, -X. Wow because 
only 2 generators occur altogether, just one of the following cases 
must occur in c^: (1) i^ ^ = 12; (2) i^ l^, 13 = = ij^ j 
(3) ^ i2, 13 = i^, = i2: ^ i2' S = '2' = 
(5) "" ^ 2' ^4 " ^2' check that in every case, 
c - c + c + c, - Cc - c, = 0; the common coefficient ' X makes no 1 2 3 4 5 6 
further difference. Hence, as in Lemma (3.2.1), , we conclude that 
8^ + 82+... ~ when the pair of variables X3, x^ ^ then 
X3, X2 then X3, x^ are interchanged in the result in each 
case is -w^(2,6). This means that s^, j e {1,2,4}, may be obtained 
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from ^y mapping Y3 Yj > ot^^ ->• a^ , and changing the sign 
of the resulting expression. Since s^^^ trivial, we conclude that 
®li' ^ ^ {1S2,4} is trivial. It remains therefore now to show that s^^ 
is trivial. Again we expand each term in s^^ into commutators of 
the kind in which one entry is [2,1] and the rest of the five entries 
are single generators. A similar argument to that used in showing that 
is trivial shows that s^^ is trivial. 
Thus w^(2,6) = s. Let respectively be the terms (of s) 
, -[b^jb^.b^^b^^bj^]. Expand the entry b^ in the 
terms t, of s, and keep the other entries fixed. Each expansion consists 
of 3 commutators, one of them of weight 6. All of them have the property 
that 4 of their 5 or 6, entries are precisely those that have been fixed. 
Let S2J be the sum of all these commutators of weight 6 occurring in the 
expansion of the entry b^ in the terms t^ of s. Let T^ be the sum 
of all terms of the form [x,y,z;t,u] where x e {a^iiyL,a^{2)2}, 
y e {a^(l)l,a^(2)2}, z e {a^(l)l,a^(2)2} , t e {a^(l)l,a^(2)2} , 
u e {a2(l)l,a2(2)2}; that is, T^ gathers together all those commutators 
of weight 5 that arise, in pairs, from the expansion of t^ with 
respect to each entry b^, j e {1,2,3,4,5}. are similarly 
defined. Then we have: 
s = T^ + T^ + ... ®21 ®22 ®26' 
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As in the first part of this proofj we can show that ^23' ®25 ^^^ 
trivial and then deduce that s^^, j e {1,2,h] are trivial. The 
argument is almost the same as before and will not be repeated. Hence, 
s == T, + T_ + ... + T,. 1 2 6 
The following is a list of all the non-trivial commutators (not 
necessarily basic)of type (3,2) in precisely the generators 1, 2. 
c^ = [2,1,1;2,1], c^ = [1,2,1;2,1], c^ = [1,2,2:2,1], 
c^ = [2,1,2;2,1], C3 = [2,1,1:1,2], c^ = [1,2,1;1,2], 
c^ = [1,2,2;1,2], Cg = [2,1,2;1,2]. 
We recall that the entries in the commutators of T^ are multiples 
of the generators 1 and 2. Denote by c^(T.) that commutator in T. 
whose entries taken in order are, but for the coefficients, the same as 
those in c^. Then, 
T, = c (T ) + c (T ) + + c (T ). J -L D o J 
These terms c^(Tj) now have to be expanded in multiples of the 
commutators c^, and this introduces again commutators of weight 6. 
In order to prove that each commutator of weight 6 appears with 
total coefficient zero in the final expansion, we first expand each term 
c^(Tj) with respect to the coefficient a 3(1) of the generator 1, or 
a^(2) of the generator 2 (one, and only one, of these must appear in 
each c^(T^)). Each expansion produces just one commutator of weight 6 
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with a certain coefficient. These are shoxra in a table in the Appendix 
( see(A.4,1.3),p.A.51-55) f^ -^ jj, ^^bich it can be read off that the coiranutators 
of weight six due to this first step cancel out amongst themselves. 
We have not recorded in the appendix the resulting terms of weight 
five which are, of course, needed for the next expansion which is 
conveniently taken to be that with respect to a^(l) and 
All the calculations have, in fact, been carried out and show that in 
each step the resulting terms of weight six cancel. I have not been 
able to find a less computational and complicated proof for w^(256) 
to be a lax<r in F^CN^). 
We now proceed to show that the set of lav;s U = {vi^(2,6) y.., ^  
w^(2,6),[x^,x2,...jX^]} form a basis of laws for F^CN^). Let U be 
the variety defined by U. Let e W | where 
Wf - = {n kercp/cp : F, (U) F.(U)}. Write v as a linear combination 
6,2 D = I -
with integral coefficients of distinct basic commutators each of weight 5 
or 6 and each involves at least 3 generators. In Chapter 2 we obtained 
relations from the law and eliminated [2,1,5,4,3], 
[2,1,4;5,3], [2,1,3;5,4], [3,1,2;5,4] (see (A.2.1.2), p.A.12-A. U'). 
We now use these again to eliminate these same commutators modulo terms 
of weight 6 and also use similar relations to eliminate, modulo terms of 
weight 6, the two commutators [3,1,4;2,1] and [3,2,4;2,1] in only 
4 generators (see (A.4.1.4), p. A. 5-^ :). Likewise we obtain relations 
from the lavjs w^(2,6)5 W2(2,6), w^(2,6), Wg(2,6) and eliminate 
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from them some commutators of types (3,3) and (4,2) in precisely six 
generators, (see (A.4.1.8)-(A.4.1.12), p.A.64-A.72). Therefore we 
may assume that the six commutators of weight 5 and those commutators of 
types (3,3) and (4,2) x^hich have been eliminated are not present 
in V. We will show that v is trivial. We first show that in v, 
commutators of weight 5 in precisely 3 generators have trivial coefficients. 
Map V by the homomorphisms: 
% ^2 ^4 % 
1 ->• 1 1 [2,1] 1 -1 1 1 1 -1 
2 2 [2,1] 1 1 1 2 2 2 2 
3 ^ [2,1] 2 2 2 2 2 -2 1 1 
4 0 0 0 0 0 0 0 0 0 
5 0 0 0 0 0 0 0 0 0 
6 0 0 0 0 0 0 0 0 0 
Since under cp^ , i e {1,2,...,9), basic commutators involving the 
generators 4,5 or 6 are mapped into the trivial element we need only 
consider the images of commutators in v of weights 5 and 6 in 
precisely the generators 1,2,3. Here we want to obtain equations in the 
coefficients of basic commutators of weight 5 alone and so we consider 
only the images of basic commutators of weight 5. Commutators of weight 
6 are omitted in the table of images (see (A,4.1.5), p. A. 51.A. 58) 
as they are now irrelevant. In v, the commutators of weight 5 in 
precisely the generators 1,2,3 have trivial coefficients, (see (A.4.1.5), 
P.A.55-A.61 ). Hence in v, the commutators of vjeight 5 in 
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precisely 3 generators have trivial coefficients. We put this fact in 
the following form, because it will be referred to again later on. 
(4.2) Lemma. Suppose v e ^ v is a linear combination 
with integral coefficients of distinct basic commutators of weights 5 
and 6 in precisely 3 generators. Then those conmiutators of weight 5 
have trivial coefficients. 
We now show that in v the commutators of weight 5 in precisely 
the generators 1,25...,5 have trivial coefficients. Nap v by the 
endomorphism ip which maps 6 to 0 and i to i for all 
i e {1,2,... ,5}. Then, since W® ., is fully invariant in F^ (U), O 5 Z D = 
v^ e w| 2' that vip consists of basic commutators of weights 
5 and 6 in the generators ls2,...55. Write vtp in the form: 
= ^ { (1235)^(1235), ^ ( (1245) (1245), ^ 
5 6 5 6 5 6 
(^(1345)^(1345), ^ ( (2345) ^2345), ^ , (12345)^(12345), 
5 5 5 6 5 6 ' 
where 
e {(1234), (1235) (1245), (1345), (2345)}, 
are the components of v consisting respectively of commutators of 
weights 5 and 6 in precisely the generators ijjjkjS- alone, and 
and y(^2345) ^^^ components of v consisting respectively of 6 
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commutators of weights 5 and 6 in precisely the generators l,2,3,Aj5. 
The endomorphism which maps 1 to i, 2 to j , 3 to k, 4 to ilj 5 and 6 
to 0 shows at once that e X'JI ^  fo^ every one of the 
5 choices of (ijU), Hence ^(12345)_^^(12345) ^ -5 ^^  ^^^ 
(1234), (1234) (12345), (12345) ' v 
~ "^ 5 6 ' ^2 ~ ^5 6 ^^ ^2 ^ mappings 
cp^ , i = l,2j...,8 (Chapter 2. p.21), regarded nox-7 as endomorphisms of 
F,(U). Wow 2,9. e - for all i e {1,2,..,,8}. We write 0 = 1 1 o,Z. 
i e {1,25... ,8} 3 in terms of basic commutators. Then, by 
Lemma (4.2), those of weight 5 have trivial coefficients. Thus we 
obtain a set of equations in the coefficients of the commutators of weight 
5 in z^. In fact, this is precisely the same set of equations that we 
obtained previously (see (A.2.1.3), p.A. 14-A. 19) , Hence as before, 
we conclude that the commutators of weight 5 in z^ have trivial 
coefficients. Therefore in v, commutators of weight 5 in precisely 5 
generators have trivial coefficients. Again we record in the form of 
a lemma the part that we need again later. 
(4.3) Lemma. Suppose that £ 2 ^^^ that v is a linear 
combination with integral coefficients of distinct basic commutators of 
weights 5 and 6 in precisely the generators 1,2,...^. Then., provided 
that the 4 commutators of weight 5 that were eliminated do not occur in 
Vj then all commutators of weight 5 in v have trivial coefficients. 
To show that in v commutators of weight 5 have trivial coefficients, 
it thus remains to show that commutators of weight 5 in precisely 4 
generators have trivial coefficients. Write z^ in the form: 
where v f " ^ ' ' are respectively the 
components of in each commutator of which the generators 1,2,3,4 
T ^ (1'235) (12'35) (123'5) (1235') (1235) appear twice. Let v^ ' "^ 5 ' "^ 5 * ' b 
be the result of substituting 5 for 4 in 
(1234') (1234) v^ 5 Vg respectively and let x comprises all the terms that 
arise from substituting for any one of the repeated generators 4 in 
(1234') 
v^ . Then if we substitute 4 + 5 for 4 throughout in z^ 
and expand so that the entries of commutators are again single generators, 
we have: 
1 5 5 5 5 6 5 5 5 
^ (1235) ^  ^ + X + y, 
where y is the sum of commutators of weight 6 arising from the 
expansion of commutators of weight 5 in z^ after the substitution of 
4 + 5 for 4. Since z^ e W^ 23 result of substituting 5 for 4 in 
z^ is in 2* Therefore x + y e W^ ^^  * consists of basic 
commutators of weight 5 in precisely the generators 1,2,...,5 and y 
consists of commutators of v/eight 6 in precisely the generators 1,2,...,5. 
Rewrite x using the relations (r.l) - (r.4) modulo weight 6 
(see (A.2.1.2.)5 p.A. 12-Ac 14) so that it does not contain any of the 
commutators of weight 5 that we have eliminated. Lemma (4.3) now 
implies that the commutators in x have trivial coefficients. We use 
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this fact to deduce that is trivial (see (A.4.1.6), p.A.61-A.62), 
Hence Zj^  reduces to 
We can now deduce that the second and the third terns in z^ are 
(123'4) 
trivial. To show that v^ is trivial we map z^ by the 
automorphism 2-^2, 3->4, ^ 3, 6->-6. 
Then, 
= v f 
Write each of the summands in terms of basic commutators. Now the 
n 23'4) 
expansion of v^ 5 into basic commutators does not contain commutators 
of weight 6. To see, look at the commutators involving two entries '4' 
in (A.4.1.6.), p.A.61. After interchanging 3 and 4, each one is either 
basic or converted to a basic one by interchanging the entries in the 
first two, or in the last two places. Hence by the foregoing argument 
is trivial. Now C is an automorphism and so we must have 
(123'4) . „ t. (1'234), (12'34), (1234) that v^ ^ is trivial. So now we have z^ = v^ 
(12'34) 
Similarly, to show that v^ is trivial, we map z^ by the 
automorphism C ; 1 ^  1, 2 -> 4, 3 3, 4 ^ 2 , 5-^5, 6-^6. Then, 
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Again we write z^Z in terms of basic commutators. Because the commutator 
(12'34) 
[3,254;2,1] is not included in v and so is not included in v^ 
But this is the only commutator involving two entries '2', which after 
interchanging 2 and 4 leads to commutators of weight 6 when expanded into (12'34) basics. Therefore the expansion of v^ into basic commutators 
does not contain any commutators of weight 6. Hence by the foregoing 
(12'34)^ . , . . , , (12'34) ^ , ^ . argument again, v^ ? xs trivial and so v^ is trivial. 
We therefore have z^ = v^^ Map z^ by the endomorphisms: 
71 72 '23 
1 -> 1 1 1 
2 2 2 2 
3 3 3 3 
4 ->• 2 3 1 
5 0 0 0 
6 0 0 0 
Write ^2.^21' ^ e {152,3} in terms of basic commutators. Lemma (4.2) 
implies that those of weight 5 have trivial coefficients. This gives 
rise to a set of linear equations in the coefficients of the commutators 
in v^^ 234)^ solve this and obtain that the commutators in 
^(1'234) viave trivial coefficients (see (A.4.1.7.), p .A. 63-A.c 4) . 
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We may noxv assume, by Lemmas (1.2.11) and (1.2.12), that v is 
homogeneous of weight 6 and in precisely the generators 1,2,...,6. 
Write V in the form: 
V = v^ + V2 + V3, 
where v^ ^ is the component of v consisting of left-normed commutators 
alone, and v^s v^ are the components of v consisting respectively 
of commutators of types (3,3) and ( 4,2) alone. We map v by the 
homomorphisms 9,, j = 2,3,...,6, where 6. ; 1 - > 1 , 2-»-l,...,j->2, 
tj J 
j + 1 1,...,6 1, and obtain immediately that the commutators in 
Vj^  have trivial coefficients. As in the case of the free groups of 
ranks 3 and 4, it follows from Lemma (3.0.1) that v^ (and so v^) 
is in Wg 2' Accordingly we deal with V2 and v^ separately. Nox<r, 
since some commutators of types (3,3) and (4,2) have been eliminated 
(see (A,4.1.8) - (A.4.1.12.)jp.A.64-A.72) we may assume that V2 is a 
linear combination with integral coefficients of the commutators 
^485^ ^^486' ^^493' "^494' ^507 ^^^^ ^ linear combination of 
the commutators d33^, d532, d533, d^^^, d^^^, d33Q. 
Map V2 by the homomorphisms: 
CP 
hi CP33 ^34 ^35 ^36 
1 1 1 1 1 1 1 
2 -> 1 1 1 2 2 2 
3 1 2 2 1 1 2 
4 2 1 2 1 2 1 
5 2 2 1 2 1 1 
6 ->• 2 2 2 2 2 2 
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The commutators In v^ have trivial coefficients (see A.4.1.13), p,A.73). 
Map v^ by the homomorphlsms: 
^42 ^ 3 ^44 ^45 ^46 ^47 ^48 CP49 
1 1 1 1 1 1 1 1 1 
2 1 1 1 1 1 2 2 2 
3 1 1 2 2 2 1 1 1 
4 1 2 1 1 2 1 1 2 
5 2 2 1 2 1 1 2 1 
6 2 2 1 2 1 1 2 1 1 
We note that under cp^^, d^^^ = (6,2,3,4;5^l] is the only commutator in 
v^ which is mapped into the commutator (2al5l,l;25H and so 
53/;^  ®550 " Similarly we can quickly see that e^^^, e^^^, 
^535' ^540' ^541 ^^^ ^^^ trivial so that all coefficients in v^ are 
trivial. 
Hence we conclude that all commutators in v have trivial coefficients, 
that is V is trivial and we have: 
(4.3) Theorem. The set of laws {Wj^(2,6) ,W2(2,6) ,... (2,6) , [x^^x^,.., } 
is a basis of laws for F-(N,). Z =D 
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CHAPTER 5 
CONCLUSION 
We sum up the results which we obtained in Chapters 2 to 4 in order 
to justify finally the assertions implied by the sketch of the lattice 
formed by these varieties. 
The sets of lax^ s v/hich, together with the appropriate nilpotency 
law, form a basis for the relevant groups ^^^ listed below: 
w(3,5) = -[x^jx^jx^rx^jx^] + [x^jx^.x^jx^jx^] - [x^^x^jX^jx^jX^] + 
[ " 2 ~ [x^ jX^ jX^ jX^] ~ [x2 j X ^ j X ^ ] • 
— [x^jXj^jX^jX+ [x^»X2yX^ jX^] — [X2JX^,X^3X^5X2] 
— 2 [Xg,X^'X^jX^ JX^ jX^] + [x^ jX^ 5X2 s^ j^^  jX^] — [x^ 9X2 JX^ jXg ] 
[x^ s^ j^ • ^ ~ ^ 
— [x^ 9X2 jX^ jX^ jXg + [x^ jX^ JXg jX^ jXg 5X2] ~ [x^ jX^  JX^ jX^'Xg .X-, ] 
-)- [Xj^  yX^ jX^ ;Xg .^x 2] " + [x^jx^jx^jx^jx^sx^] 
— [x^jXj^jX^,X2jX^] + [x^5X25X2jXj^^Xg5X^1 - [x^,x2 x^jX^jXgjX^] 
7 3 . 
W ^ C A . e ) = - [ x ^ j X ^ ^ X ^ j X ^ ^ X ^ j X ^ ] + [ x ^ j x ^ i x ^ . x ^ r x ^ j x ^ ] - [ X g j X ^ S X ^ . X ^ J X ^ j X ^ ] 
+ [ x g j X ^ 1 X 2 j X j ^ ' x ^ , X 2 ] - [ x ^ 
+ [ x ^ , x ^ 5 x 2 5 x 2 > x g , x ^ ] - [ x ^ , x ^ ; x 2 , x j ^ | x g 3 x 2 ] + [ x ^ ; x 2 j X ^ ' s X ^ j X ^ ] 
= - [ x ^ , x 2 , x ^ ; x 2 , x ^ , x g ] - [ x ^ , X 2 J X ^ 
W 2 ( 3 , 6 ) = - + [ x ^ . x ^ . x ^ , X g ^ x ^ 5 X 2 ] 
^ ^ ' ^ 3 ~ [ x ^ j X ^ 3 X 2 
, X 2 j x ^ j X ^ ] — [ x ^ j x ^ 5 X 2 j X g j X ^ ] J 
— [ x ^ 5 X 2 j X ^ J X g ] + [ x ^ j X ^ j X ^ 5 X 2 ] 
— [ x ^ j X 2 5 x ^ , X j ^ 5 X g 5 X 2 ] + [ x ^ j x ^ , X 2 j X g , X 2 ] 
— [ x ^ j X ^ 5 X 2 j X ^ ] + [ x ^ , X 2 j x ^ ; X g j X j ] 
— [ x ^ j X ^ 9 X 2 ; X ^ j X ^ ] + [ x ^ j X ^ 5 X 2 X X g ] 
~ 9 X 2 5 X 2 s ^ j ^ [ x ^ j X ^ j X ^ 5 X 2 j X ^ ] , 
w . ( 3 , 6 ) = w ^ ( 4 , 6 ) ( s e e u n d e r F , ( N , ) ) 
J L ^ = 0 
^ 2 ( 2 , 6 ) = [ X 2 j X j ^ j X g s X ^ ] ~ [ x ^ j X ^ y X g 5 X 2 ] , 
~ [ X 2 j X ^ , X g p X ^ ] ) 
74. 
w^(2,6) = w(3,5) (see under F^(N^)). 
The papers [1] and [2], by L.G. Kovdcs, M.F. NevTman, P.F. Pentony 
and Frank Levin respectively, show that N = var F ,(N ) for m > 3 =m m-i =m 
as well as the fact that var F -(N ) c. N . That var F-,(N.)c var F„(N.) m-2 =m =m 2 =6 3 =6 
var F^(N^) and var var F^CN^) has been established in [2], 
but it clearly is also an immediate consequence of the bases of laws for 
these groups that we provide and their derivation in the relevant 
chapters. 
To establish that N^ ^ var F^CN^) = var F^Cg^) notice that the 
laws of the left hand side are the union of the lax^ s of N^ and those =j 
of and these are satisfied in F^CN^). Thus 
Np var F-(N-) var F„(N^). On the other hand every group in the =5 2 =0 — J -J 
left hand side is of class 5 and satisflsr, the only other law, w(3,5), 
of F-(N^), hence belongs to var F-CN-), giving the reverse inclusion, J =3 J =j 
and hence the result. 
To prove that N^ var var F^CNg) notice that N^ <= var 
F^CNg) because the latter has no laws of weight 5; as var ^^^ 
F„(N-), we certainly know that the union of the two varieties is 
3 =6 
contained in var F„(N^). To confirm that the inclusion is proper, J =D 
notice that, for example, the law is satisfied 
in the variety on the left hand side, but not in F^CN^). 
7 5 . 
Finally^ N^ is contained in var because any group that 
is nilpotent of class 4 satisfies all the laws of since all of 
these are of weight five; that the inclusion is proper, is trivial. 
75. 
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APPENDICES 
A.l. 
/APPENDIX 
Appendix 1; A list of the relevant basic commutators. 
N.B. notatlonal convention used In these tables ONLYt The variable 
x^ will be replaced by the figure 1 for easier reading. That Is 
for [2,1,1,1] say, read , 
Weight 4 In 2 variables. 
c^ = [2,1,1,1], c^ == [2,1,1,2], C3 = [2,1,2,2]. 
Weight 4 In 3 variables. 
c^ = [2,1,1,3], C5 = [2,1,2,3], c^ = [2,1,3,3], 
c^ = [3,1,1,2], Cg = [3,1,2,2], Cg = [3,1,2,3], 
c^Q = [3,1;2,1], c^^ = [3,2;2,1], ' t3,2;3,l]. 
T 
Weight 4 In 4 variables. 
c^3 = [2,1,3,4], c^^ = [3,1,2,4], c^^ = [4,1,2,3], 
c^^ = [4,3;2,1], = [4,2;3,1], c^ g^ = [4,1;3,2]. 
Weight 5 In 2 variables. 
c^^ = [2,1,1,1,1], c^Q = [2,1,1,1,2], c^ jL = [2,1,1,2,2], 
C22 = [2,1,2,2,2], 
C23 = [2,1,1;2,1], c^^ = [2,1,2;2,1] 
. .2. 
Weight 5 In 3 variables 
^25 == [2,1,1,1,3], "26 = [2,1,1,2,3], "27 = 
[2,1,1,3,3], 
^28 = [2,1,1,1,3], "29 ' 
[2,1,2,3,3], 
"30 = [2,1,3,3,3], "31 = 
[3,1,1,1,2], "32 = [3,1,1,2,2], 
[3,1,1,2,3], "34 = [3,1,2,2,2], "35 = 
[3,1,2,2,3], 
"36 = [3,1,2,3,3], 
"37 == [2,1,3^2,1], "38 " [3,1,1^2,1], "39 = 
[3,1.2;2,1], 
"40 ^^ [3,1,3;2,1], "41 = 
[3,2,2^2,1], "42 = [3,2,3;2,1], 
"43 = [2,1,1;3,1], "44 = 
[2,1,2;3,1], "45 == [2,1,3;3,1], 
"46 = [3,1,2^3,1], "47 = 
[3,2,2;3,1], "48 = [3,2,3^3,1], 
"49 == [2,1,1^3,2], "50 = [2,1,2;3,2], "51 = 
[2,1,3;3,2], 
"52 = 3,1,1;3,2], "53 = 
[3,1,2;3,2], "54 ^ [3,1,3;3,2], 
Weight 5 In 4 variables. 
"55 = [2,1,1,3,4], "56 = 
[2,1,2,3,4], "57 = [2,1,3,3,4] 
"58 = [2,1,3,4,4], "59 = 
[3,1,1,2,4], "60 = [3,1,2,2,4] 
"61 = [3,1,2,3,4], "62 = 
[3,1,2,4,4], "63 = [4,1,1,2,3] 
"64 = [4,1,2, ,3], "65 = 
[4,1,2,2,3], "66 = [4,1,2,3,4] 
"67 = [3,1,4;2,1], "68 = 
[3,2,4;2,1], "69 = [4,1,3;2,1] 
"70 = [4,2,3;2,1], "71 = 
[4,3,3;2,1], "72 = [4,3,4;2,1] 
"73 = [2,1,4;3,1], "74 = 
[3,2,4^3,1], "75 = [4,1,2;3,1] 
"76 = [4,2,2;3,1], "77 = 
[4,2,3;3,1], "78 = [4,2,4;3,1] 
"79 = [2,1,4;3,2], "80 " 
[3,1,453,2], "81 = [4,1.1;3,2] 
"82 == [4,1,2;3,2], "83 " [4,1,3:3,2], "84 = 
[4,1,4;3,2] 
A . 3 . 
^ 8 5 [ 2 , 1 , 3 5 4 , 1 ] , " 8 6 = [ 3 , 1 , 2 ; 4 , 1 ] , "87 ' 
[ 3 , 2 , 2 ; 4 , 1 ] , 
[ 3 , 2 , 3 - 4 , 1 ] , 
" 8 9 = 
[ 3 , 2 , 4 ; 4 , 1 ] , c — 
9 0 
[ 4 , 2 , 3 ; 4 , 1 ] , 
S i = [ 2 , 1 , 3 ; 4 , 2 ] , " 9 2 =r [ 3 , 1 , 1 ; 4 , 2 ] , " 9 3 == [ 3 , 1 , 2 ; 4 , 2 ] , 
" 9 4 = [ 3 , 1 , 3 ; 4 , 2 ] , " 9 5 = 
[ 3 , 1 , 4 ? 4 , 2 ] , " 9 6 = 
[ 4 , 1 , 3 ; 4 , 2 ] , 
= [ 2 , 1 , 1 ; 4 , 3 ] , " 9 8 = 
[ 2 , 1 , 2 ; 4 , 3 ] , 
" 9 9 = 
[ 2 , 1 , 3 | 4 , 3 ] , 
'^lOO = [ 2 , 1 , 4 ; 4 , 3 ] , " l O l = 
[ 3 , 1 , 2 ; 4 , 3 ] , " l 0 2 " 
[ 4 , 1 , 2 ; 4 , 3 ] . 
W e i g h t 5 i n 5 v a r i a b l e s . 
" 1 0 3 = [ 2 , 1 , 3 , 4 , 5 ] , " l 0 4 = [ 3 , 1 , 2 , 4 , 5 ] , " 1 0 5 = 
[ 4 , 1 , 2 , 3 , 5 ] , 
" 1 0 6 = 
[ 5 , 1 , 2 , 3 , 4 ] , 
" 1 0 7 = 
[ 4 , 3 , 5 ; 2 , 1 ] , 
" l 0 8 
— [ 5 , 3 , 4 ^ 2 , 1 ] , 
" l 0 9 " 
[ 4 , 2 , 5 ; 3 , 1 ] , 
" n o = [ 5 , 2 , 4 ; 3 , 1 ] , " i l l = [ 4 , 1 , 5 ; 3 , 2 ] , " 1 1 2 = [ 5 , 1 , 4 ; 3 , 2 ] , 
" 1 1 3 = 
[ 3 , 2 , 5 ; 4 , 1 ] , " 1 1 4 
[ 5 , 2 , 3 ; 4 , 1 ] , 
" 1 1 5 = 
[ 3 , 1 , 5 ; 4 , 2 ] , 
" 1 1 6 = 
[ 5 , 1 , 3 ; 4 , 2 ] , 
" 1 1 7 = 
[ 2 , 1 , 5 ; 4 , 3 ] , " l l 8 " [ 5 , 1 , 2 ; 4 , 3 ] , 
c = 
" l l 9 
[ 3 , 2 , 4 ; 5 , 1 ] , " l 2 0 = 
[ 4 , 2 , 3 ; 5 , 1 ] , " 1 2 1 = 
[ 3 , 1 , 4 ; 5 , 2 ] , 
" l 2 2 " 
[ 4 , 1 , 3 ; 5 , 2 ] , " l 2 3 = 
[ 2 , 1 , 4 ; 5 , 3 ] , " 1 2 4 = 
[ 4 , 1 , 2 ; 5 , 3 ] , 
" l 2 5 ^ 
[ 2 , 1 , 3 ; 5 , 4 ] , " l 2 6 = 
[ 3 , 1 , 2 ; 5 , 4 ] . 
W e i g h t 6 i n 2 v a r i a b l e s . 
c = 
" l 2 7 
[ 2 , 1 , 1 , 1 , 1 , 1 ] , " 1 2 8 = 
[ 2 , 1 , 1 , 1 , 1 , 2 ] , 
" 1 2 9 = 
[ 2 , 1 , 1 , 1 , 2 , 2 ] , 
" l 3 0 " 
[ 2 , 1 , 1 , 2 , 2 , 2 ] , 
" 1 3 1 = 
[ 2 , 1 , 2 , 2 , 2 , 2 ] , 
" l 3 2 " 
[ 2 , 1 , 2 ; 2 , 1 , 1 ] , " l 3 3 
[ 2 , 1 , 1 , 1 ; 2 , 1 ] , P ar 
" l 3 4 
[ 2 , 1 , 1 , 2 ; 2 , 1 ] , 
" l 3 5 
[ 2 , 1 , 2 , 2 ; 2 , 1 ] . 
A.4. 
Weight 6 in 3 variables. 
^136 " [2,1,1,1,1,3], "l37 [2,1,1,1,2,3], "l38 [2,1,1,1,3,3] 
[2,1,1,2,2,3], "l40 " [2,1,1,2,3,3], "141 = [2,1,1,3,3,3] 
^142 = [2,1,2,2,2,3], "143 = [2,1,2,2,3,3], "l44 " [2,1,2,3,3,3] 
[2,1,3,3,3,3], "l46 " [3,1,1,1,1,2], "147 = [3,1,1,1,2,2] 
^148 = [3,1,1,1,2,3], "149 = [3,1,1,2,2,2], "l50 " [3,1,1,2,2,3] 
^151 = [3,1,1,2,3,3], "152 = [3,1,2,2,2,2], "153 = [3,1,2,2,2,3] 
^^ 154 = [3,1,2,2,3,^], "155 = [3,1,2,3,3,3], 
^156 = [2,1,3;2,1,1], "157 = [3,1,1;2,1,1], "l58 [3,1,2;2,1,1] 
[3,1,3;2,1,1], "l60 [3,2,2;2,1,1], "161 = [3,2,3;2,1,1] 
"162 = [2,1,3;2,1,2], "163 = [3,1,1;2,1,2], "164 = [3,1,2;2,1,2] 
"165 = [3,1,3;2,1,2], C ss "l66 [3,2,2;2,1,2], "167 = [3,2,2;2,1,2] 
n =r "168 [3,1,1 ;2,1,3], c = 169 [3,1,2;2,1,3], "170 = [3,1,3;2,1,3] 
"171 = [3,2,2;2,1,3], "172 = [3,2,2;2,1,3], "173 = [3,1,2;3,1,1] 
"174 = [3,2,2;3,1,1], "175 = [3,2,3;3,1,1], "176 = [3,1,3;3,1,2] 
"177 = [3,2,2^3,1,2], "178 = [3,2,3;3,1,2], "179 = [3,2,2;3,1,3] 
"l80 [3,2,3;3,1,3], 
"181 = [2,1,1,3;2,1], "l82 " [2,1,2,3;2,1], "l83 " [2,1,3,3;2,1] 
"l84 [3,1,1,1;2,1], "185 = [3,1,1,2;2,1], r = 186 [3,1,1,3;2,1] 
"187 = [3,1,2,2;2,1], "l88 [3,1,2,3;2,1], "l89 ' [3,1,3,3;2,1] 
c — 190 [3,2,2,2;2,1], "l91 " [3,2,2,3;2,1], "l92 " [3,2,3,3;2,1] 
"l93 " [2,1,1,1;3,1], "l94 " [2,1,1,2;3,1], "l95 " [2,1,1,3;3,1] 
"196 = [2,1,2,2;3,1], "197 = [2,1,2,3;3,1], "l98 " [2,1,3,3;3,1] 
"l99 " [3,1,1,2;3,1], "200 = [3,1,2,2:3,1], "201 = [3,1,2,3;3,1] 
A . 5 . 
^ 2 0 2 = [ 3 , 2 , 2 , 2 ; 3 , 1 ] , C 2 Q 3 = [ 3 , 2 , 2 , 3 ; 3 , 1 ] , 
^ 2 0 4 
[ 3 , 2 , 3 , ' i ; 3 , l ] , 
C 2 Q 5 = [ 2 , 1 , 1 , 1 ; 3 , 2 ] , 
^ 2 0 6 = [ 2 , 1 , 1 , 2 ; 3 , 2 ] , ^ 2 0 7 = 
[ 2 , 1 , 1 , 3 ; 3 , 2 ] , 
C 2 o g = [ 2 , 1 , 2 , 2 ; 3 , 2 ] , c ^ Q g = [ 2 , 1 , 2 , 3 ; 3 , 2 ] , 
^ 2 1 0 = 
[ 2 , 1 , 3 , 3 ; 3 , 2 ] , 
c ^ ^ ^ = [ 3 , 1 , 1 . 1 ; 3 , 2 ] , 
= [ 3 , 1 , 1 , 2 ; 3 , 2 ] , " 2 1 3 = 
[ 3 , 1 , 1 , 3 ; 3 , 2 ] , 
= [ 3 , 1 , 2 , 2 ; 3 , 2 ] , = [ 3 , l , 2 , 3 ; 3 , 2 ] , 
" 2 1 6 = 
[ 3 , l , 3 , 3 ; 3 , 2 ] . 
c ^ ^ ^ = [ 3 , 1 ; 2 , 1 ; 2 , 1 ] , 
^ 2 1 8 = [ 3 , 2 ; 2 , 1 ; 2 , 1 ] , " 2 1 9 " 
[ 3 , 1 ; 2 , 1 ; 3 , 1 ] , 
^ 2 2 0 " [ 3 . 2 ; 2 , 1 ; 3 , 1 ] , 0 ^ 2 3 ^ = [ 3 , 2 ; 3 , l ; 3 , l ] , 
" 2 2 2 = 
[ 3 , 1 ; 2 , 1 ; 3 , 2 ] , 
^ 2 2 3 = [ 3 , 2 ; 2 , 1 ; 3 , 2 ] , C 2 2 4 = [ 3 , 2 ; 3 , 1 ; 3 , 2 ] . 
W e i g h t 6 i n 4 v a r i a b l e s . 
0 ^ 2 3 - [ 2 , 1 , 1 , 1 , 3 , 4 ] , C 2 2 g = [ 2 , 1 , 1 , 2 , 3 , 4 ] , 
" 2 2 7 " 
[ 2 , 1 , 1 , 3 , 3 , 4 ] , 
^ 2 2 8 " 1 , 3 , 4 , 4 ] 5 C 2 2 5 = [ 2 , 1 , 2 , 2 , 3 , 4 ] , 
" 2 3 0 = 
[ 2 , 1 , 2 , 3 , 3 , 4 ] , 
= [ 2 , 1 , 2 , 3 , 4 , 4 ] , 0 ^ 3 2 = [ 2 , 1 , 3 , 3 , 3 , 4 ] , 
" 2 3 3 = 
[ 2 , 1 , 3 , 3 , 4 , 4 ] , 
= [ 2 , 1 , 3 , 4 , 4 , 4 ] , C 2 3 5 = [ 3 , 1 , 1 , 1 , 2 , 4 ] , 
" 2 3 6 
[ 3 , 1 , 1 , 2 , 2 , 4 ] , 
C 2 3 . = [ 3 , 1 , 1 , 2 , 3 , 4 ] , C 2 3 g = [ 3 , 1 , 1 , 2 , 4 , 4 ] , 
" 2 3 9 = 
[ 3 , 1 , 2 , 2 , 2 , 4 ] , 
c ^ ^ Q = [ 3 , 1 , 2 , 2 , 3 , 4 ] , ^ 2 4 1 = [ 3 , 1 , 2 , 2 , 4 , 4 ] , 
" 2 4 2 = 
[ 3 , 1 , 2 , 3 , 3 , 4 ] , 
= [ 3 , 1 , 2 , 3 , 4 , 4 ] , c ^ ^ ^ = [ 3 , 1 , 2 , 4 , 4 , 4 ] , 
" 2 4 5 " 
[ 4 , 1 , 1 , 1 , 2 , 3 ] , 
C 2 4 6 = [ 4 , 1 , 1 , 2 , 2 , 3 ] , = [ 4 , 1 , 1 , 2 , 3 , 3 ] , 
" 2 4 8 = 
[ 4 , 1 , 1 , 2 , 3 , 4 ] , 
^ 2 4 9 " [ ^ , 1 , 2 , 2 , 2 , 3 ] , ' ' 2 5 0 ~ 1 - ^ 9 1 , 2 , 2 , 3 , 3 , ] , 
" 2 5 1 = 
[ 4 , 1 , 2 , 2 , 3 , 4 ] , 
^252 ~ f ^ , 1 , 2 » 3 5 3 , 3 ] , ^ " 2 5 3 "" s 1 » 2 , 3 , 3 , 4 ] , 
" 2 5 4 = 
[ 4 , 1 , 2 , 3 , 4 , 4 ] , 
C 2 5 3 = [ 3 , 1 , 4 ; 2 , 1 , 1 ] , C 2 5 6 = [ 3 , 2 , 4 ; 2 , 1 , 1 ] , " 2 5 7 = 
[ 4 , 1 , 3 ; 2 , 1 , 1 ] , 
^ " 2 5 8 ~~ f ^ » 2 , 3 ; 2 , 1 , 1 J , C 2 5 9 = [ 4 , 3 , 3 ; 2 , 1 , 1 ] , 
" 2 6 0 = 
[ 4 , 3 , 4 ; 2 , 1 , 1 ] , 
c ^ g ^ = [ 3 , 1 , 4 ; 2 . 1 , 2 ] , 
^ 2 6 2 [ 3 , 2 , 4 ; 2 , 1 , 2 ] , " 2 6 3 = 
[ 4 , 1 , 3 ; 2 , 1 , 2 ] , 
c ^ g ^ = [ 4 , 2 , 3 ; 2 , 1 , 2 ] , ^ 2 6 5 = I 4 , 3 , 3 ; 2 , 1 , 2 ] , 
" 2 6 6 " 
[ 4 , 3 , 4 ; 2 , 1 , 2 ] , 
A . 6 . 
^ 2 6 7 
[ 2 , 1 , 4 ^ 2 , 1 , 3 ] , 
" 2 6 8 
[ 3 , 1 , 4 2 , 1 , 3 ] , 
" 2 6 9 = 
[ 3 , 2 , 4 ; 2 , 1 , 3 ] . 
" 2 7 0 
=: [ 4 , 1 , 1 ; 2 , 1 , 3 ] , " 2 7 1 == [ 4 , 1 , 2 2 , 1 , 3 ] , " 2 7 2 = 
[ 4 , 1 , 3 ; 2 , 1 , 3 ] , 
^ 2 7 3 
•= [ 4 , 1 , 4 : 2 , 1 , 3 ] , C ~ 
" 2 7 4 
[ 4 , 2 , 2 2 , 1 , 3 ] , 
" 2 7 5 = 
[ 4 , 2 , 3 ; 2 , 1 , 3 ] , 
" ^ 2 7 6 
[ 4 , 2 , 4 ^ 2 , 1 , 3 ] , " 2 7 7 == [ 4 , 3 , 3 2 , 1 , 3 ] , " 2 7 8 " 
[ 4 , 3 , 4 ^ 2 , 1 , 3 ] , 
[ 3 , 1 , 1 ; 2 , 1 , 4 ] , 
" 2 8 0 " 
[ 3 , 1 , 2 2 , 1 , 4 ] , 
" 2 8 1 = 
[ 3 , 1 , 3 ; 2 , 1 , 4 ] , 
^ 2 8 2 
= [ 3 , 1 , 4 ; 2 , 1 , 4 ] , 
" 2 8 3 " 
[ 3 , 2 , 2 2 , 1 , 4 ] , 
" 2 8 4 " 
[ 3 , 2 , 3 ; 2 , 1 , 4 ] , 
^ 2 8 5 
= [ 3 , 2 , 4 ; 2 , 1 , 4 ] , 
" 2 8 6 "" 
[ 4 , 1 , 3 2 , 1 , 4 ] , 
" 2 8 7 == 
[ 4 , 2 , 3 ; 2 , 1 , 4 ] , 
^^288 
= L 4 , 3 , 3 ; 2 , l , 4 ] , 
" 2 8 9 " 
[ 4 , 3 , 4 2 , 1 , 4 ] , 
" 2 9 0 " 
[ 3 , 2 , 4 ; 3 , 1 , 1 ] , 
" 2 9 1 
[ 4 , 1 , 2 ; 3 , 1 , 1 ] , 
" 2 9 2 " 
[ 4 , 2 , 2 3 , 1 , 1 ] , 
" 2 9 3 " 
[ 4 , 2 , 3 ; 3 , 1 , 1 ] , 
" 2 9 4 
= [ 4 , , 2 , 4 ; 3 , 1 , 1 ] , 
" 2 9 5 " 
[ 3 , 1 , 4 3 , 1 , 2 ] , 
" 2 9 6 = 
[ 3 , 2 , 4 ; 3 , 1 , 2 ] , 
" 2 9 7 
[ 4 , 1 , 1 ; 3 , 1 , 2 ] , 
" 2 9 8 " 
[ 4 , 1 , 2 3 , 1 , 2 ] , 
" 2 9 9 " 
[ 4 , 1 , 3 ; 3 , 1 , 2 ] , 
" 3 0 0 
= [ 4 , 1 , 4 ; 3 , 1 , 2 ] , C =5 
3 0 1 
[ 4 , 2 , 2 3 , 1 , 2 ] , 
" 3 0 2 " 
[ 4 , 2 , 3 ; 3 , 1 , 2 ] , 
" 3 0 3 
= [ 4 , 2 , 4 ; 3 , 1 , 2 ] , 
" 3 0 4 " 
[ 4 , 3 , 3 3 , 1 , 2 ] , 
" 3 0 5 " 
[ 4 , 3 , 4 : 3 , 1 , 2 ] , 
" 3 0 6 
rr [ 3 , 2 , 4 ; 3 , 1 , 3 ] , 
" 3 0 7 " 
[ 4 , 1 , 2 3 , 1 , 3 ] , 
" 3 O 8 
[ 4 , 2 , 2 ; 3 , 1 , 3 ] , 
" 3 0 9 
S3 [ 4 , 2 , 3 ; 3 , 1 , 3 ] , 
" 3 1 0 " 
[ 4 , 2 , 4 3 , 1 , 3 ] , 
" 3 1 1 
[ 3 , 2 , 2 ; 3 , 1 , 4 ] , 
" 3 1 2 
= [ 3 , 2 , 3 ; 3 , 1 , 4 ] , 
" 3 1 3 = 
[ 3 , 2 , 4 3 , 1 , 4 ] , 
" 3 1 4 " 
[ 4 , 1 , 2 ; 3 , 1 , 4 ] , 
" 3 1 5 
= [ 4 , 2 , 2 ; 3 , 1 , 4 ] , 
^ 3 1 6 = 
[ 4 , 2 , 3 3 , 1 , 4 ] , 
" 3 1 7 = 
[ 4 , 2 , 4 ; 3 , 1 , 4 ] , 
" 3 1 8 
= [ 4 , 1 , 1 ; 3 , 2 , 2 ] , 
" 3 1 9 " 
[ 4 , 1 , 2 3 , 2 , 2 ] , 
" 3 2 0 ^ 
[ 4 , 1 , 3 ; 3 , 2 , 2 ] , 
" 3 2 1 
[ 4 , 1 , 4 ; 3 , 2 , 2 ] , 
" 3 2 2 ^ [ 4 , 1 , 1 
3 , 2 , 3 ] , p — 3 2 3 [ 4 , 1 , 2 ; 3 , 2 , 3 ] , 
" 3 2 4 
[ 4 , 1 , 3 ; 3 , 2 , 3 ] , 
" 3 2 5 ^ 
[ 4 , 1 , 4 3 , 2 , 3 ] , 
" 3 2 6 " 
[ 4 , 1 , 1 ; 3 , 2 , 4 ] , 
" 3 2 7 
[ 4 , 1 , 2 ; 3 , 2 , 4 ] , 
" 3 2 8 " 
[ 4 , 1 , 3 3 , 2 , 4 ] , 
" 3 2 9 = 
[ 4 , 1 , 4 ^ 3 , 2 , 4 ] , 
" 3 3 0 
r: [ 4 , 2 , 3 ; 4 , 1 , 1 ] , 
" 3 3 1 " 
[ 4 , 1 , 3 4 , 1 , ^ - ] , " 3 3 2 " 
[ 4 , 2 , 3 ; 4 , 1 , 2 ] , 
" 3 3 3 
[ 4 , 3 , 3 ; 4 , 1 , 2 ] , 
" 3 3 4 = 
[ 4 , 3 , 4 4 , 1 , 2 ] , 
" 3 3 5 = 
[ 4 , 2 , 2 ; 4 , 1 , 3 ] , 
" 3 3 6 
[ 4 , 2 , 3 ; 4 , 1 , 3 ] , 
3 3 7 
[ 4 , 2 , 4 4 , 1 , 3 ] , 
" 3 3 8 = 
[ 4 , 2 , 3 ; 4 , 1 , 4 ] , 
A.7, 
[2,1,3,4^2,1], "340 "" [3,1,1,4;2,1], = [3,1,2,4;2,1], 
^342 = [3,1,3,4;2,1], "343 " [3,1,4,4;2,1], ^344 = [3,2,2,4;2,1], 
"345 = [3,2,3,4;2,1], "346 " [3,2,4,4:„2,1], = [4,l,l,3;2,l], 
[4,1,2,3;2,1], "349 " [4,1,3,3;2,1], C33Q = [4,1,3,4;2,1], 
"351 = [4,2,2,3^2,1], "352 = [4,2,3,3;2,1], C333 = [4,2,3,4;2,1], 
"354 = [4,3,3,3;2,1], "355 " [4,3,3,4;2,1], C355 = [4,3,4,4^2,1], 
"357 = [2,1,1,4;3,1], "358 " [2,1,2,4;3,1], 033^ = [2,1,3,4;3,1], 
"360 " [2,1,4,4;3,1], "361 = [3,1,2,4;3,1], "362 " [3,2,2,4^3,1], 
"363 = [3,2,3,4;3,1], "364 " [3,2,4,4;3,1], = [4,1,1,2;3,1], 
"366 " [4,1,2,2;3,1], "367 = [4,1,2,3;3,1], C3gg = [4,1,2,4;3,1], 
"369 " [4,2,2,2;3,1], "370 " [4,2,2,3;3,1], "371 " [^,2,2,4;3,1], 
"372 = [4,2,3,3;3,1], "373 " [4,2,3,4;3,1], = [4,2,4,4,3,1], 
"375 = [2,1,1,4;3,2], "376 = [2,1,2,4;3,2], = [2,1,3,4^3,2], 
"378 " [2,1,4,4;3,2], 
n ss 
379 [3,1,1,4;3,2], €33^ = [3,1,2,4;3,2], 
"381 " [3.1,3,4;3,2], "382 " [3,1,4,4^3,2], C3g3 = [4,1,1,1;3,2], 
"384 " [4,1,1,2;3,2], "385 " [4,1,1,3;3,2], C3gg = [4,1,1,4:3,2], 
"387 " [4,1,2,2;3,2], "388 " [4,1,2,3;3,2], 0339 = [4,1,2,4;3,2], 
c = 
390 [4,1,3,3;3,2], "391 " [4,1,3,4?3,2], 03^2 = [4,1,4,4;3,2], 
"393 " [2,1,1,3;4,1], "394 " [2,1,2,3|4,1], 03^3 = [2,1,3,3:4,1], 
"396 " [2,1,3,4;4,1], "397 " [3,1,1,2^4,1], ^^ 398 " [3,1,2,2;4,1], 
"399 " [3,1,2,3;4,1], "400 = [3,1,2,4^4,1], c^Q^ = [3,2,2,2;4,1], 
"402 " [3,2,2,3;4,1], "403 " [3,2,2,4;4,1], ^^ 404 = [3,2,3,3^4,1], 
"405 " [3,2,3,4;4,1], "406 " [3,2,4,4;4,1], = [4,1,2,3:4,1], 
A.8. 
[4 ,2 ,2 ,3 4 , 1 ] , 
"409 
[ 4 , 2 , 3 , 3 ; 4 , 1 ] , "410 " 
[ 4 , 2 , 3 , 4 ; 4 , 1 ] , 
[ 2 ,1 ,1 ,3 4 ,2 ] , "412 " [ 2 , 1 , 2 , 3 ; 4 , 2 ] , "413 " 
[ 2 a , 3 , 3 ; 4 , 2 ] , 
[2 ,1,3,4 4 , 2 ] , "415 = [ 3 , 1 , 1 , 1 ; 4 , 2 ] , "416 " 
[ 3 , 1 , 1 , 2 ; 4 , 2 ] , 
[ 3 ,1 ,1 ,3 4 , 2 ] , "418 " [ 3 , 1 , 1 , 4 ; 4 , 2 ] , "419 " 
[ 3 , 1 , 2 , 2 ; 4 , 2 ] , 
[3 ,1 ,2 ,3 4»2], C cs " 421 [ 3 , 1 , 2 , 4 ; 4 , 2 ] , "422 = 
[ 3 , 1 , 3 , 3 ; 4 , 2 ] , 
^ 2 3 = [3 ,1,3,4 4 , 2 ] , "424 " [ 3 , 1 , 4 , 4 ; 4 , 2 ] , "425 = 
[ 4 , 1 , 1 , 3 ; 4 , 2 ] , 
^426 " [4 ,1 ,2 ,3 4 ,2 ] , "427 " [ 4 , 1 , 3 , 3 ; 4 , 2 ] , "428 " [ 4 , 1 , 3 , 4 ; 4 . 2 ] , 
[ 2 , 1 , 1 , 1 4 , 3 ] , "430 = [ 2 , 1 , 1 ,2 ;4 ,3 ] , " 431 = [ 2 , 1 , 1 ,3 ;4 ,3 ] , 
^432 " [2 ,1 ,1 ,4 4 , 3 ] , "433 " [ 2 , 1 , 2 ,2 ;4 ,3 ] , "434 = [ 2 , 1 , 2 ,3 :4 ,3 ] , 
^435 = [2 ,1,2,4 4 , 3 ] , "436 " [ 2 , 1 , 3 ,3 ;4 ,3 ] , "437 " [ 2 , 1 , 3 ,4 ;4 ,3 ] , 
[2 ,1,4,4 4 , 3 ] , "439 " [ 3 , 1 , 1 ,2 ;4 ,3 ] , "440 = [ 3 , 1 , 2 , 2 - 4 , 3 ] , 
[3 ,1 ,2 ,3 4 , 3 ] , "442 = [ 3 ,1 ,2 ,4 ;4 ,3 ] , "443 = [ 4 ,1 ,1 ,2 ;4 ,3 ] , 
^444 " [4 ,1 ,2 ,2 4 , 3 ] , "445 " [ 4 , 1 , 2 ,3 ;4 ,3 ] , "446 " [ 4 , 1 , 2 ,4 ;4 ,3 ] , 
[ 4 , 3 ; 2 , 1 2 , 1 ] , "448 " [ 4 , 1 ? 2 , 1 ; 3 , 1 ] , "449 = 
[ 4 , 2 ; 2 , 1 ; 3 , 1 ] , 
[ 4 , 3 ; 2 , 1 3 ,1 ] , " 4 51 = [ 4 , 2 - 3 , l ; 3 , l ] , "452 = 
[ 4 , 1 ; 2 ,1 ;3 ,2 ] , 
"453 = 
[ 4 , 2 ; 2 , 1 3 , 2 ] , C ss 454 [ 4 , 3 ; 2 ,1 ;3 ,2 ] , "455 = 
[ 4 , l | 3 , l 5 3 , 2 ] , 
^456 " [ 4 , 2 ; 3 , 1 3 , 2 ] , "457 = 
[ 4 , 3 ; 3 , 1 ; 3 , 2 ] , "458 = 
[ 4 , l j 3 , 2 ; 3 , 2 ] , 
ss 
459 [ 3 , 1 ; 2 , 1 4 , 1 ] , "460 " 
[ 3 , 2 ; 2 ,1 ;4 ,1 ] , C* ss 461 
[ 4 , 3 ? 2 , 1 ; 4 , 1 ] , 
^462 [ 3 , 2 ; 3 , l 4 , 1 ] , "463 " 
[ 4 , 2 ;3 ,1 ;4 ,1 ] , "464 " [ 4 , 1 ; 3 ,2 ;4 ,1 ] , 
^465 " 
[4 ,2 ;3,2 4 , 1 ] , "466 " [ 4 , 3 ; 3 , 2 ; 4 , 1 ] , "467 "" [ 3 , 1 ; 2 , 1 ; 4 , 2 ] , 
^^468 = [ 3 , 2 ; 2 , 1 4 , 2 ] , "469 " 
[ 4 , 3 ; 2 , 1 ; 4 , 2 ] , "470 " [ 3 , 2 ; 3 , 1 ; 4 , 2 ] , 
[ 4 , l ; 3 , l 4 , 2 ] , "472 = [ 4 , 2 ; 3 , 1 ; 4 , 2 ] , "473 = 
[ 4 , 3 : 3 , 1 ; 4 , 2 ] , 
"474 " 
[4 ,1 ;3 ,2 ; ;4,2], "475 = [ 4 , 3 ; 4 , 1 ; 4 , 2 ] , "476 = [ 3 , 1 ; 2 ,1 ;4 ,3 ] , 
A.9. 
^77 == [3,2;2,1;4,3], "478 [4,1;2,1;4,3], "479 = [4,2:2,1-4,3], 
[4,3;2,1;4,3], "481 " [3,2;3,1;4,3], "482 = [4,2:3,1:4,3], 
^483 = [4,1;3,2;4,3], "484 = [4,2;4,1;4,3]. 
Weight 6 in 6 variables. 
^485 = [2,1,3,4,5.6], "486 = [3,1,2,4,5,6], "487 " [4,1,2,3,5,6], 
•^ 488 = [5,1,2,3,4,6], "489 " [6,1,2,3,4,5], 
^490 = [5,4,6;2,1,3], "491 = [6,4,5;2,1,3], "492 " [5,3,6:2,1,4], 
^493 = [6,3,5;2,1,4], c = 494 [4,3,6;2,1,5], "495 " [6,3,4:2,1,5], 
[4,3,5;2,1,6], r = "497 [5,3,4;2,1,6], "498 " [5,4,6:3,1,2], 
[6,4,5;3,1,2], C = "500 [5,2,6^3,1,4], c — "501 [6,2,5:3,1,4], 
[4,2,6;3,1,5], "503 " [6,2,4;3,1,5], C =s 504 [4,2,5:3,1,6], 
S05 = [5,2,4;3,1,6], f> — 506 [5,1,6;3,2,4], "507 = [6,1,5:3,2,4], 
^508 " [4,1,6;3,2,5], c = 509 [6,1,4:3,2,5], "510 = [4,1,5:3,2,6], 
"511 = [5,1,4;3,2,6], "512 = [5,3,6f4,l,2], "513 = [6,3,5:4,1,2], 
Sl4 = [5,2,6;4,1,3], "515 " [6,2,5:4,1,3], "516 = [6,2,3:4,1,5], 
Sl7 = [5,2,3;4,1,6], "5I8 "" [5,1,6:4,2,3], "519 = [6,1,5:4,2,3], 
[6,1,3;4,2,5], "521 = [5,1,3:4,2,6], "522 = [6,1,2:4,3,5], 
^^ 523 = [5,1,2;4,3,6], "524 = [6,3,4:5,1,2], "525 = [6,2,4:5,1,3], 
"526 = [6,2,3;5,1,4], "527 = [6,1,4:5,2,3], r* s: "528 [6,1,3:5,2,4], 
"529 " [6,1,2;5,3,4], 
"530 " [4,3,5,6;2,1], "531 " [5,3,4,6:2,1], "532 = [6,3,4,5:2,1], 
"533 " [4,2,5,6;3,1], 
fS — 
"534 [5,2,4,6:3,1], "535 " [6,2,4,5:3,1], 
A . 1 0 . 
[ 4 , 1 , 5 , 6 ; 3 , 2 ] , S37 = [ 5 , 1 , 4 , 6 ; 3 , 2 9 ^ 5 3 8 [ 6 , 1 , 4 , 5 ; 3 , 2 ] , 
[ 3 , 2 , 5 , 6 ; 4 , 1 ] , 5^40 " [ 5 , 2 , 3 , 6 ; 4 , 1 s ^ 5 4 1 = [ 6 , 2 , 3 , 5 ; 4 , 1 ] , 
^ 5 4 2 = S43 " 3 [ 6 , 1 , 3 , 5 ; 4 , 2 ] , 
S45 = [ 2 , 1 , 5 , 6 ; 4 , 3 ] , ^ 5 4 6 " [ 5 , 1 . 2 , 6 ^ 4 , 3 3 " 5 4 7 = [ 6 , 1 , 2 , 5 ; 4 , 3 ] , 
n = [ 3 , 2 , 4 , 6 ; 5 , 1 ] , C =3 5 4 9 
[ 4 , 2 , 3 , 6 ; 5 , 1 3 5^50 " [ 6 , 2 , 3 , 4 ^ 5 , 1 ] , 
S51 = [ 3 , 1 , 4 , 6 ; 5 , 2 ] , S52 = [ 4 , 1 , 3 , 6 ; 5 , 2 S ^ 5 5 3 = [ 6 , 1 , 3 , 4 ; 5 , 2 ] , 
S 5 4 = 
[ 2 , 1 , 4 , 6 ; 5 , 3 ] , S55 =  [ 4 , 1 , 2 , 6 ^ 5 , 3 3 S56 = [ 6 , 1 , 2 , 4 ; 5 , 3 ] , 
[ 2 , 1 , 3 , 6 ; 5 , 4 ] , 5^58 " [ 3 , 1 , 2 , 6 ; 5 , 4 3 S59 = [ 6 , 1 , 2 , 3 : 5 , 4 ] , 
p s s 
5 6 0 [ 3 , 2 , 4 , 5 ; 6 , 1 ] , S61 = [ 4 , 2 , 3 , 5 ; 6 , 1 3 S62 = [ 5 , 2 , 3 , 4 ; 6 , 1 ] , 
S63 = [ 3 , 1 , 4 , 5 ; 6 , 2 ] , ^^564 " [ 4 , 1 , 3 , 5 ; 6 , 2 3 ^ 6 5 = [ 5 , 1 , 3 , 4 ; 6 , 2 ] , 
^ 5 6 6 " S67 = [ 4 , 1 , 2 , 5 ; 6 , 3 3 p = 5 6 8 [ 5 , 1 , 2 , 4 : 6 , 3 ] , 
[ 2 , 1 , 3 , 5 ; 6 , 4 ] , S70 = [ 3 , 1 , 2 , 5 ; 6 , 4 3 S7I = [ 5 , 1 , 2 , 3 ; 6 , 4 ] , 
[ 2 , 1 , 3 , 4 ; 6 , 5 ] , 
^ 5 7 3 " 
[ 3 , 1 , 2 , 4 ; 6 , 5 3 S74 = [ 4 , 1 , 2 , 3 ; 6 , 5 ] , 
S75 = [ 6 , 5 ; 3 , 2 ; 4 , 1 ] , ^ 5 7 6 = [ 6 , 5 : 3 , 1 ; 4 , 2 3 ^ 5 7 7 = [ 6 , 5 : 2 , 1 ; 4 , 3 ] , 
^ 5 7 8 " 
[ 6 , 4 ; 3 , 2 ; 5 , 1 ] , c = 
5 7 9 
[ 6 , 3 ; 4 , 2 ; 5 , 1 3 r = 5 8 0 
[ 6 , 2 ; 4 , 3 ; 5 , 1 ] . 
[ 6 , 4 ; 3 , 1 ; 5 , 2 ] , n ss 
^ 5 8 2 
[ 6 , 3 ; 4 , 1 : 5 , 2 3 "^583 " 
[ 6 , 1 ; 4 , 3 ; 5 , 2 ] , 
^ 5 8 4 " 
[ 6 , 4 ; 2 , 1 ; 5 , 3 ] , Sss " [ 6 , 2 ; 4 , 1 ; 5 , 3 3 ^ 5 8 6 " [ 6 , 1 ; 4 , 2 ; 5 , 3 ] , 
SS 
^ 5 8 7 
[ 6 , 3 ? 2 , 1 ; 5 , 4 ] , ^^588 " [ 6 , 2 ; 3 , 1 ; 5 , 4 3 r» s 5 8 9 [ 6 , 1 ; 3 , 2 ; 5 , 4 ] , 
[ 5 , 4 ; 3 , 2 ; 6 . 1 ] , S91 = [ 5 , 3 ; 4 , 2 ; 6 , 1 J S92 " [ 5 , 2 ; 4 , 3 ; 6 , 1 ] , 
^ 5 9 3 " 
[ 5 , 4 ; 3 , 1 ; 6 , 2 ] , 
^ 5 9 4 " 
[ 5 , 3 ; 4 , 1 ; 6 , 2 3 c = S95 [ 5 , 1 ^ 4 , 3 ^ 6 , 2 ] , 
^ 5 9 6 " 
[ 5 , 4 ; 2 , l 5 6 , 3 ] , "597 [ 5 , 2 - 4 , 1 - 6 , 3 3 ^ 5 9 8 " [ 5 , l 5 4 , 2 ; 6 , 3 ] , 
r — 
5 9 9 
f = 
6 0 0 
[ 5 , 2 ; 3 , 1 ; 6 , 4 3 ^ 6 0 1 " 
[ 5 , 1 ; 3 , 2 ; 6 , 4 ] , 
C = 
^ 6 0 2 
[ 4 , 3 ; 2 , 1 ; 6 , 5 ] , r = 
6 0 3 
[ 4 , 2 ; 3 , 1 ; 6 , 5 3 ^^604 " 
[ 4 , 1 ; 3 , 2 ; 6 , 5 ] . 
A. 11. 
Appendix 2; Computations for Chapter 2. 
(A.2.1.1) The law w(3,5) in given by 
O G S 
(p.19). 
An explicit expression for wCS^S) 
w(3,5) = [x^; sX^: '^2' '^3' - '^2 jXj^  3X3 - U 3 '^2 9X3] + 
.X3] - I'^ s jXj^  9X3 jX^ + [.3 5X3 ; + 
[X3: 
-
9X3 [Xj jXj^  . 5X2 9X3] -
jXj^  1 5X3 ; + [.5 jX^. 5X3 ; + 
- tx^ jX^ ; jX^ . E.x^  jX^ ; jX^; + 
pX^ ; >^2 '• 
-
>^2 '• jXj^  ; >X3] + [X3 jX^, >^2' jXj^ . 1X3] 4-
(X^ : - [X5: 9X3 ; + tx3 5X3 ; jXj^  ; - -
iX^: (X^ s - [x^ 3X3. 9^2 '• + [X3 sX^; '^3' 5X2 ! • 
w(3,5) in teirms of basic commutators. 
To express w(3,5) in terms of basic commutators we need the 
following rather trivial lemma. 
Lemma. In a nilpotent group of class 5 5 the follov/ing Identities 
which can be proved by a simple application of the identities listed in 
0.2, hold. 
(a) fx,y,z,t,u] = + [z,y5X,t,u] - [z,x,y,t,u] 
(b) [x,y,z,t,u] - [x,y,z,u,t] = - [x,y,z;u,t]. 
Now identity (a) implies that w(3,5) can be written in the form: 
A. 12. 
w(3,5) = [x^sx^jx^jx^jx^] - [x^jx^jx^jx^jx^] - [ x ^ + 
[x^jX^jX^jX^ 5X2] "t" [x^ j X ^ j X ^ jX^ l ~ [x^jX^jX^ jX^ jX^] + 
^ ~ ^ ~ 
[x^yX^ jX^ jX^ jX^] + [x^jX^jX^jX^^X^] ~ [x^ jX^ 5X2 sXj^ ] , 
and identity (b) enables us to v/rite w(3,5) in terms of basic commutators; 
w(3^5) = - [X2 j X ^ j X ^ ] "f" [x^ jXj^ jX^  5X2! " [x^ jX^ jX^  jX^ JX2] 
" [x^ 5X2 jX^ sX^ ] + [x^ 5X2 jX^ JX^ jXj^ ] — [x^ jX^ jX^ 3X2 jX^] . 
(A.2.1.2) Relations obtained from w(3,5) and elimination of commutators 
from these relations. 
We use the relations obtained from W(3,5) by the following five 
substitutions for the variables given in the form of a tables each 
column of figures gives one substitution. We use of course the notational 
convention explained in 0.2 (p.4), 
1 1 1 1 2 
2 2 2 3 3 
3 3 4 4 4 
4 5 5 5 5 
-> 5 4 3 2 1 
The relations obtained are: 
A.13. 
(r.l); - [4,3,5;2,1] + [4,2,5^3,1] - [4,1,5;3,2] - [3,2,5;4,1] 
+ [3,1,5;4,2] - [2,1,5|4,3] = 
(r,2): -- [5,3,452,1] + [5,2,4;3,1] _ [5,1,4^3,2] - [3,2,4^5,1] 
+ [3,1,4;5,2] - [2,1,4;5,3] = 0, 
(r.3): - [5,4,3;2,1] + [5,2,3;4,1] - [5,1,3^4,2] - [4,2,3-5,1] 
+ [4,1,3;5,2] - [2,1,3;5,4] 0, or 
[4,3,5;2,1] " [5,3,4;2,1] + [5,2,3;4,1] - [5,1,3;4,2] 
. . . [4,2,3;5,1] + [4,1,3^5,2] „ [2,1,3^5,4] = 0 
(r.4) 2 - [5,4,2;3,1] + [5,3,2;4,1] - [5,1,2;4,3] - [4,3,2;5,1] 
+ [4,1,2;5,3] - [3,1,2^5,4] = 0, or 
[4,2,5^3,1] - [5,2,4^3,1] - [3,2,5^4,1] + [5,2,3;4,1] 
- [5,1,2«4,3] + [3,2,4;5,1] - [4,2,3;5,1] + [4,1,2;5,3] 
- [3,1,2^5,4] = 0, 
(r.5)t - [5,4,1^3,2] + I5,3,l;4,2] - [5,2,1:4,3] - [4,3,1;5,2] 
+ [4,2,1;5,3] - [3,2,1;5,4] = 0, or 
[4,l,5;3,2] - [5,1,4-3,2] - [3,1,5-4,2] + [5,1,3;4,2] 
+ [2,1,5;4,3] - [5,1,2-4,3] + [3,1,4;5,2] - [4,1,3,5,2] 
- [2,1,4;5,3] + [4,1,2;5,3] + [2,1,3;5,4] - [3,1,2;5,4] 
The alternative forms of (r.S), (r.4), (r.5) are respectively the 
basic forms of the non-basic expressions of (r.3)j (r.4), (r.5). In 
future similar cases the non-basic forms will not be recorded. Now use 
relations (r.l)j (r.2)5 (r.3), (r,4) to express the basic commutators 
[2,1,5-4,3], [2,1,4;5,3], [2,1,3;5,4], [3,1,2^5,4] in terms of other 
A.14. 
basic commutators. Since each of these basic commutators appear in one 
and only one of the relations (r.l) - (r.4), we can eliminate them. 
These basic commutators» hox^ever, appear in relation (r.5). A direct 
substitution will shov? that relation (r.5) is then identically satisfied 
so that no other basic comTiutators can be eliminated. 
(A.2.1.3) Computations for the proof of Theorem (2.1.1). 
The following table gives the images of the terms of the homogeneous 
five generator word v in W^ ^ under the homomorphisms if^ , 
i e {1,2,...,8} (p.21) in terms of basic commutators in three generators. 
An explanation of the table and its use follows. 
A.15. 
9, 8 
^lOS'^lOa ^ ^103*^28 ^103^^29 ^103^^30 X 
^104*^28 ^104^^29 ^104^^36 X X X X 
e d 105 105 ^105^^28 ^105^^35 X X X X 
e d 
106°106 
e d 
107 107 
108^108 
^109^^109 " 
^IIO'^IIO 
^ 1 0 6 ^ 4 X 
^ ^107^42 
^108*^41 ^108^^42 
X 
0 
0 
X 
0 
0 
° ®109^42 ^109^48 ^109^^37 
^110^41 ^110^42 ^110^48 ®110^39 
X 
0 
0 
e d 109 40 
^110^40 
0 
0 
0 
0 
^ 1 0 7 ^ 9 
e d 108 37 
0 
0 
X 
-®107''42 
0 
0 
^110^47 
^ l l l ' ^ l l l " 
"112^112 " 
^113^113 " 
0 
0 
0 
° ^ 1 1 1 ^ 4 ^ 1 1 1 ^ 7 \ l l ^ 4 0 
° ^ 1 1 2 ^ 4 ®112^39 ^112^^40 
° ^113^48 ^ 1 1 3 ^ 7 ^113^45 
° - ^ 1 1 1 ^ 9 
° -^112^7 
° -"113^44 
^ l l S l 
^ 1 1 2 ^ 3 
^113^^42 
^114^114 " 
"116^116 " 
"119^^119 " 
^120^120 " 
^114^^41 ^114^^47 ^114^48 ^114^^39 
0 
0 
0 
0 
0 
^115^51 ^115^54 ^115*^37 
®116'^53 ^116^^54 ®116'^39 
^115^45 0 
0 
0 
^116^46 ^116^38 ^116*^49 
'118^53 0 
° ^119^^48 ^119^44 
^120^^47 ^120^48 ^120^44 
^118^52 
®119^45 
X 
° - ^119^7 
<^120^46 ^120^43-^120^37 +^120^39 
^114^42 
0 
0 
7 
^121^121 " 
e d 122^122 
-121^50 ^121*^51 ®121^54 ®121^44 
®122^50 ^122^^53 ^ 2 2 ^ 5 4 ^122^^44 
^121^45 0 0 
0 
^ 1 2 1 ^ 3 
^ 1 2 2 ^ 1 
^124^^124 ^124^^50 ^124^^53 0 ^124^49 X X 
A.16. 
The commutators that may occur in v, with their coefficients, are 
listed in the left-most coltsmn. Their images in F-(y) under cp are 
listed in the i-th columnj headed By way of example: 
under cp^ , d^^^ = [2,1,3,4,5] [2,1,2,2,3] = d^g? 
under d^^o " [3,2,1^2,1] = 
-[2,1,3;2,1] + [3,1,2;2,1]= "d^^ + d^^. 
Each column adds up to zero in F^CU), because by assumption the 
image of v under each homomorphism is zero in F^CU). In 
general, not all the basic commutators in v'n are distinct. Hov/ever, 
by collecting the like terms together (v/hich is possible since the 
commutators conmute with each other) V7e can express as a linear 
combination with integral coefficients of distinct basic commutators. 
As the d^ (25 £ i _< 54) are independent in F^CU) the coefficient of 
each such basic commutator in F^CU) is zero. 
Sometimes there is only one term d^ which under Cj^  gives a 
particular basic commutator in F^CU). Then the coefficient e^ of this 
dj is immediately seen to be zero, and so this term d^ need not be 
considered any longer in the further maps .... It then suffices 
to enter no more than an x in the table. 
We thus obtain the following set of linear equations satisfied by the 
integers e^ ( 1 0 3 £ i £ l 2 4 ) . 
A.17. 
Equations obtained from the column headed by 
(a) cp^ : (1) + e^^^ + = 0, 
(b) cp^ . (5) e^Q^ + + e^Q^ H- e^^Q . 0, 
(7) e^.3 + e^Q^ = 0, 
^^ ^ -114 ^120 = 
(9) -l-e^ ^^ l = ^ ^ 
(10) = 0. 
(c) cp^ : (11) e^^g + e^^Q + + e^^^ 4- e^^^ e^^o = 0, 
(12) e^^^ + + ^115 ^116 + ^121 ^122 " 
(13) = 0, 
(14) e^^, = 0. 
(d) cp^ : (15) e^^^ + + + = 0, 
(16) e^^g + + e^^^ + e^^^ = 0, 
(17) e^^g + ^121 + ^122 = 
(18) e^24 = 
(e) CP3: (19) -110 ^111 ^12 = 
(20) + + e^^^ + e^^^ = 0, 
(21) e^^^ ^ e^^g + e^^Q H- e^^^ = 
(22) = 0. 
A,18. 
(f) (23) ^114 + ^ 116 = 0, 
(24) ^120 + ^ 2 2 = 0. 
(g) (25) ^108 - ^ 1 2 "119 
- ^120 == 
(26) ®107 - ^111 + ^^ 120 = 
(27) - -
(28) 
(h) ^8 = (29) ~®107 -r ^ 1^13 + ^ 114 - 0, 
(30) ®110 + ®119 = 0, 
(31) ^111 + ®122 s= 0. 
(32) ^112 + ^121 t= 0. 
Equations (4), (10), (13), (14), (IS), (22), (27), (28) together 
with (8), (23), (24), (29) and (31) give at once that all the following 
coefficients are zero: e^^g, e^^^, e^^^, e^^^, 
^116' ®118' ®120' ®122' ^124' the equations (2), (3), 
(9), (12), (15), (16), (17) reduce to the following system with 
coefficient matrix as shown: 
®108 ®109 ®110 ®112 ®115 ®119 ®121 
(2) 1 1 
(3) 1 
(9) 1 1 
(12) 1 1 1 
(15) 1 1 
(16) 1 1 
(17) 
A.19. 
From this it is immediate that the coefficients e^^g, e^^O' 
^112' ^115* ®121 zero. 
(A.2.2.1) Wj,(2,5) = [x^jx^jx^sx^^x^] in terms of basic commutators. 
w^(2,5) = [x^sx^sx^jx^'x^] = - - [x^^x^x^^x^.x^] 
(A.2.2.2) (p.'/;3) is a consequence of w^(2,5)5 w(3,5) (p.19). 
First we note that wO^S) given belov; is a law in F^CN^) and 
hence in F2(N^). 
w(3,5) = - [x^jx^jx^^x^^x^] + [x^jx^jx^^x^jx^] - [x^^x^^x^jx^sX^] 
+ ~ [ x ^ j X ^ - [x^jx^jx^^x^jx^]. 
Nox:7, from w^(2,5) we deduce that 
v^ = -w^(2,5) = [x^jx^.x^-^x^jxj^] - [x^jx^jx^jx^jx^]. 
~ ~ [ X ^ J X 2 > X 2 5 X 2 S X J ^ ] + [x^jXj^jX^5X2]} 
v^ — [x^ jXj>X2] ~ [x^9X2jX^ 
are laws in F2(N^). Hence 
-(V^+V2+V2+W(3,5)) = 2(-[X2,X^,X^5X^,X2] + + [x2,x^,x^5x^,x2]) 
= 2W2(2,5) 
is a law in F2(N^). 
A.20. 
(A. 2. 2.3) Relations obtained from V7^(2,5), (p. 23) ^ 
and elimination of commutators from them. 
Since in F^(y^), Wj^(255) is a law, the following relations hold in 
FjCC^). 
(1) [1,2-3,455] = 1, (2) [1,3;2,4;5] = 1 , (3) [1,4;2,3;5] = 
(4) [l,2j3,5;4] = 1, (5) [1,3^2,5^4] = 1 , (6) [1,5;2,3;4] = 
(7) [1,2;4,5;3] = 1, (8) [1,4;2,5;3] = 1 , (9) [1,5;2,4;3] = 
(10) [1,3;4,5;2] = 1, (11) [1,4;3,5;2] = 1 , (12) [1,5;3,4;2] = 
(13) [2,3;4,5;1] = 1, (14) [2,4;3,5;1] = 1 . (15) [2,5;3,4;1] = 
In terms of basic commutators these reduce to: 
(1) [2,1,5.;4,3] = [4,3,552,1] 
(2) [4,2,5;3,1] = [3,1,554,2] 
(3) [4,1,5;3,2] = [3,2,554,1] 
(4) [2,1,4;5,3] = [5,3,452,1] 
(5) [3,1,4;5,2] = [5,2,453,1] 
(6) [5,1,4;3,21 = [3,2,455,1] 
(7) [2,1,355,4] = - [4,3,5,2,1] + [5,3,4;2,1] 
(8) [5,2,3;4,1] = [4,1,355,2] 
(9) [5,1,3;4,2] = [4,2,355,1] 
(10) [3,1,2;5,4] = - [4,2,5;3,1] + [5,2,453,1] 
(11) [4,1,255,3] = - [3,2,554,1] + [5,2,354,1] 
(12) [5,1,2;4,3] ss - [3,2,455,1] + [4,2,355,1] 
(13) - [2,1,355,4] + [3,1,255,4] = - [4,1,553,2]+ [5,1,453,2] 
(14) - [2,1,455,3] + [4,1,255,3] = - [3,1,554,2] + [5,1,354,2] 
(15) - [2,1,554,3] + [5,1,2:4,3] = — [3,1,4:5,2] + [4,1,355,2] 
A.21. 
From these relations we eliminate the following basic commutators. 
^107 = [4,3,5;2,1], ^108 = [5,3,4;2,1], <^109 = [4,2,5;3,1], 
^110 = [5,2,4;3,l], ^111 = [4,1,5;3,2], ^112 = 
[5,1,4;3,2], 
^114 = [5,2,3;4,1], ^116 = [5,1,3,4,2], ^118 = [5,1,2;4,3], 
^120 = [4,2,3;5,l], ^^124 = [4,1,2;5,3], ^125 = 
[2,1,3^5,4], 
^126 = [3,1,2;5,4], 
Similarly, is a law in F^(y^) and we derive (by permutation 
of the generator^ immediately the following relations in F^CU^^). 
(1) [3,2,5^4,1] - [3,1,5-4,2] + [2,1,5:,4,3] = 0, 
(2) [3,2,4;5,1] - [3,1,4;5,2] + [2,1,4;5,3] - 0, 
From these two relations we eliminate the basic commutators: 
d^^^ = [2,1,5:4,3], d^23 [2.1,4;5,3]. 
A.22. 
(A.2.2,4.) Table giving the images of the terms of v under the 
homomorphisms cp^ ,^ i e {1,253} (p.25) in terms of basic commutators 
in 2 generators. 
^20 
0 0 -eg d^, 
^23 -^10 ^23 
0 -^12 ^24 
Equations obtained from the column headed by 
(a) cp^ :^ 
e3[2,l,2,3] -y 
e^[3sl,l52] ->-
eg[35l,2,2] ->-
e9[3,l,2,3] - > 1 
1:2,1] 
-y "11 
( 
(b) = 
(1) ^4 + "10 = 0, 
(2) =s 0, 
(3) "7 = 0, 
(4) o 0. 
(5) "4 — 0, 
(6) = 0, 
(7) "10 0, 
(8) "12 = 0. 
A . 2 3 . 
( c ) c p ^ g t ( 9 ) e ^ = 0 , 
( 1 0 ) e ^ = 0 , 
( 1 1 ) e ^ ^ = 0 . 
F r o m e q u a t i o n s ( 1 ) - ( 1 1 ) , x-je s e e I m m e d i a t e l y t h a t e ^ = 0 f o r 
i e { 4 , 5 , . . . , 1 2 } . 
( A . 2 . 2 . 5 . ) T a b l e g i v i n g t h e i m a g e s o f t h e t e r m s o f v u n d e r t h e h o m o m o r p h i s m s 
cp2j^s. i e { 1 , 2 , . . . , 6 } ( p . 2 6 ) , i n t e r m s o f b a s i c c o m m u t a t o r s i n 2 g e n e r a t o r s . 
^ 2 1 ^ 2 2 ^ 2 3 ^ 2 4 ^ 2 5 ^ 2 6 
e ^ 3 [ 2 , l , 3 , 4 ] 
^ 1 3 ^ 1 9 
X X X X X 
1 , 2 , 4 ] - > 0 
^ 1 4 ^ 1 9 
X X X X 
0 0 X X X 
e ^ g [ 4 , 3 ; 2 , l ] 0 0 0 
- ^ 1 6 ^ 2 4 ^ 2 3 ^ 1 6 ^ 2 4 
e ^ ^ [ 4 , 2 ; 3 , l ] 0 0 0 0 0 
e ^ g [ 4 , l | 3 , 2 ] 0 0 0 - e d 
1 8 2 4 - ® 1 8 ^ 2 3 
0 
R e l a t i o n s o b t a i n e d f r o m t h e c o l u m n h e a d e d b y 
( a ) ( 1 ) ^ 1 3 0 , 
( b ) ( 2 ) ^ 1 4 
ss 0 , 
( c ) ( 3 ) ^ 1 5 
= 0 , 
( d ) ( 4 ) ^ 1 6 
= 0 
( e ) ( 5 ) ^ 1 6 
-
^ 1 8 
= 0 
(£) ^ 2 6 = ( 6 ) + ^ 1 7 = 0 
A . 2 4 . 
E q u a t i o n s ( 4 ) , ( 5 ) g i v e t h a t 
^ 1 6 = 
= 0 a n d t h i s i n t u r n 
t o g e t h e r x ^ l t h e q u a t i o n ( 6 ) g i v e t h a t 
^ 1 6 = 
H e n c e e ^ = 0 f o r 
i e { 1 3 , 1 4 , . . . , 1 8 } • 
( A , 2 . 2 . 6 . ) T a b l e g i v i n g t h e i m a g e s o f t h e t e r m s o f V u n d e r t h e h o m o m o r p h i s m s 
i e { 1 , 2 , . . . 
e ^ Q 3 [ 2 , l , 3 , 4 , 5 ] -> 
, 9 } ( p . ^.7) i n t e r r a s o f b a s i c c o m m u t a t o r s i n 2 g e n e r a t o r s . 
^ 3 2 ^ 3 3 
^ 0 3 ^ 1 9 ^ 
^ ' 3 4 ^ 
X 
3 5 
X 
^ 3 6 
X 
9 3 7 ^ 
X 
3 8 
X 
^ 3 9 
X 
0 
^ 1 0 4 ^ 1 9 ^ 
X X X X X X 
e ^ Q 5 [ 4 , l , 2 , 3 , 5 ] - - 0 X X X X X X 
e ^ Q g [ 5 , l , 2 , 3 , 4 ] 0 0 0 « 
- 1 0 6 ^ ^ 1 9 
X X X X X 
e ^ ^ 3 [ 3 , 2 , 5 ; 4 , l ] 0 0 0 0 0 0 
° - ^ 1 1 3 ^ 2 3 
X 
0 0 0 0 0 0 0 0 e 
1 1 5 * ^ 2 3 
0 0 0 0 0 0 e d 
® 1 1 9 2 3 
X X 
0 0 0 0 0 
^ 1 2 1 ^ 
X X 
0 0 0 
0 ^ 2 2 ^ 2 3 
X X X X 
A.25. 
Equations obtained from the column headed by 
(a) (1) ^103 0. 
(b) (2) = 0, 
(c) (3) ®105 0, 
(d) (4) ®106 = 0, 
(e) (5) ®122 
— 0, 
(f) (6) ^121 = 0, 
(g) (7) ^119 0, 
(h) (8) ®113 = 0, 
(i) CD ^39 (9) ^115 0. 
From equations (a) - (i), x^ e note inrmediately that the 
coefficients given in the left-most column of the above table are all 
zero. 
A.26. 
Appendix 3; Computations for Chapter 3. 
(A. 3.1.1) The law w(4,6) (p-S-^ )^ in terms of basic commutators: 
[x^.x^jx^jx^jxgjx^] + - -
+ 2 [ x g j x ^ . x ^ ] - + 
' • ^ S ' ^ 3 ' ^ 2 [ x ^ j X ^ j x ^ j X ^ j X g j X ^ ] -- + 
~ t ^ ^ ^ ~ 
[x^ jX^;x2 jX^-Xg jX^] + [x^ jX^ jX^ jX^] - [x^ jX^ jX^] + 
[ x ^ j x ^ j x ^ - [x^jx^jx^jx^jxgjx^] + [x^jx^ix^^x^jx^jx^]. 
(A.3.1.2) The laws w^(4,6), W2(4,6) 
^^^(4,6) = — 2 [ X g j x ^ j X ^ ] + 2 [ X g 5 X ^ j x ^ j x ^ j X ^ ] - 2 [ x ^ , x ^ ; x 2 , X 2 + 
[ x ^ 5 X ^ 5 X 2 j X ^ j X ^ ] + [ x ^ j X ^ s X ^ 9 X 2 — [ x ^ 5 X 2 J X ^ j X ^ + 
* 
[x^ JX^ jX jXj, ,X2] ~ [x^ jX^ jX^ "X r 9X2] + [x^ jX^ jX^ ;Xg 5X2] ~ 
[x^ jX^ J X2 jX^ JXg jX^ ] [x^ 5X2 sX^ J Xg jX^ ] "" [x^ jX^ 5X2 jX^] "t" 
[x^ jX^5X2 j X ^ j X ^ ] — [ x ^ 5 X 2 " X ^ 5 X ^ 1 + [ x ^ ' x ^ 9 X 2°Xg jX^] , 
W2(4,6) = — [ X g 5 X 2 j X ^ j X ^ j X ^ ] + [ X g j X ^ j x ^ j X ^ 5 X 2 ] ~ [ x ^ j x ^ j x ^ + 
[ X g 5 X 2 j X ^ j x ^ j X ^ ] - [ X g j X ^ ^ x ^ 5 X 2 ] + [x^^x^^x^5X2jx^sX^] + 
- ^x^,X2] + [ x ^ : x 2 ; X g j X ^ ] . 
A. 27. 
(A.3.1.3) Relations obtained from and w^C^jG) and elimination 
of basic commutators from them. 
!'7e obtain the following relations from V7^(45 6) by permutation of 
variables. 
(1) -[6,4?2,1;5,3] + [6,453,1;5,2] - [6,4:3,2:5,1] + [6,5;2,1;4,3] 
-[6,5;3,1;4,2] + [6,5;3,2;4,1] + [5,4;3,2:6,1] - [5,4:3,1;6,2] 
+[5,4;2,1:6,3] a 0, 
(2) -[6,3;2,1;5,4] + [6,3;4,1;5,2] - [6,3;4,2j5,l] „ [6,5:2,1:4,3] 
+[4,1;3,2;6,5] - [6,5;3,2;4,1] - [4,2:3,1;6,5] + [6,5;3,1;4,2] 
+[5,3:4,2;6,1] - [5,354,1=6,2] + [5,3;2,1:6,4] 0, 
(3) -[6,2;4,1;5,3] + [6,2;3,lr5,4] + [6,2;4,3-r5,l] + [4,1:3,2:6,5] 
-[6,5;3,2;4,1] + [6,5-3,1-4,2] + [4,3;2,1;6,5] - [6,5:2,1;4,3] 
-[5,2^4,3;6,1] - [5,2^3,1?6,4] + [5,2;4,1;6,3] =r 0, 
(4) [6,1;4,2;5,3] - [6,1:4,3;5,2] - [6,1;3,2;5,4] 
-[4,2;3,1;6,5] + [6,5;3,1|4,2] + [4,3:2,1;6,5] - [6,5?2,1;4,3] 
-[6,5;3,2;4,1] + [5,1;3,2;6,4] + [5,1;4,3;6,2] - [5,1:4.2:6,3] 
and vre obtain from the relation: 
(5) -2[6,5:2,1;4,3] + 2[6,5;3,1;4,2] - 2[6,5:3,2:4,1] + [4,3;2,1;6,5] 
-[4,2;3,1;6,5] + [4,1|3,2;6,5] - [5,4^3,2;6,1] + [5,3;4,2;6,1] 
-[5,2;4,3;6,1] + [5,4;3,1;6,2] - [5,3?4,1;6,2] + [5,1;4,3;6,2] 
-[5,4;2,1;6,3] + [5,2;4,1:6,3] - [5,1;4,2;6,3] + [5,3r2,l:6,4] 
-[5,2;3,1;6,4] + [5,1;3,2:6,4]. 
A. 28. 
From these relations we eliminate the following commutators, one from 
each relation: 
^578 = [6,4;3,2;5,1], d^^^ = [6,3:4,2;5,1], d^g^ = [6,2^4,355,1], 
^ 8 3 [6,1;4,3;5„2], d^^^ = [4,1;3,2;6,5]. 
(A.3.1.4) To shov7 that commutators in v^ given below have trivial 
coefficients. 
""4 ' e575[6,5:3,2;4,l] + + e377[6,5;2,l;4,3] + e3gQ[5,4;3,2;6,l] 
+e3^^[5,3;4,2;6,l] + e3g2[5,2;4,3.:6,l] + e3g3[5,4;3,l;6,2] + e3g^[5,3;4,l;6,2] 
+e595[5,l;4,3;6,2] + e3gg[5,4;2,l-6,3] + e5g^[5,2,4,l;6,3] + e3g8[5,l;4,2;6,3] 
+e3gg[5,3;2,l;6,4] + e^QQ[5,2;3,l;6,4] + e^Q^[5,l;3,2;6,4] + 
+egQ3[4,2;3,l;6,5]. 
We map v^ by the following endomorphisms of Each time 
we use Lemma (3.1.5) to deduce that some of the commutators in v^ have 
trivial coefficients. Such commutators of course will not be considered 
in the next mapping. 
cp' 
'6 
1 1 1 1 1 1 1 1 
2 2 2 2 2 2 2 2 
3 ->- 3 3 3 3 6 3 3 
4 6 4 6 4 3 4 5 
5 4 6 5 6 4 6 4 
6 ->• 5 5 4 5 5 5 6 
A.29. 
We have: 
-e.5g3[6,A;3, l :5,2] ~ e3g^[6 , l ?4 ,3 ;5 ,2 ] - e5g3[6 ,3 ;4 , l :5 ,2 ] 
- e596 [6 ,4 ;2 , l - 5 ,3 ] - e3g^[6, l ;4 ,2;5,3] - e3gg[6 ,2 ;4 , l ;5 ,3 ] 
-e5gg[4,3.^2,l;6,5] - egQQ[4,2;3, l;6,5] - egQ^[4, l53,2;6,5] 
so that by Lemma (3 .1 .5 ) , e^^^ = e^^^ = 0; 
(b) v^q)^ = - e3^3 [6 ,5 ;3 ,2 ;4 , l ] - e3^^[6,553, l ;4,2] - e^^^te,552,1:4,3] 
+e35Q[6,4;3,2r5, l ] + G3g^[6,3;4,2;5, l ] + e5g2[6,2;4,3:5,1] 
+e3g3[6,453, l ;5,21 + e3g3[6, l ;4 ,3 ;5 ,2 ] + e3gg[6 ,4 ;2 , l ;5 ,3 ] 
+e3gg[6 , l ;4 ,2 ;5 ,3 ] + e3gg[6 ,3 ;2 , l ;5 ,4 ] + egQQ[6,2:3, l ;5,4] 
+egQ3^[6,l;3,2;5,4] - CgQ^[4,3;2, l ;6,5] - egQ3[4,2;3, l ;6,5] , 
and so 63^^ = 6552 = e355 - q q = 0. 
(c) = -e3^3[5,4 ;3 ,2 :6 ,1 ] - e3^g[5,4;3, l ;6 ,2] - e3^^[5,4;2, l ;6 ,3] 
- e59o [6 ,5 ;3 ,2 ;4 , l ] - e3g3[6,5;3, l ;4 ,2] - e3g3[6 ,3 ;4 ,2 ;5 , l ] 
+e3g3[5 , l ;4 ,2 ;6 ,3 ] - e35g[6,5;2, l ;4 ,3] - e3gg[6 ,2 ;4 ,3 ;5 , l ] 
+e3gg[5, l ;4 ,3^6,2] - egQ^[5, l ;3,2;6,4] - 3 ;2,1;5,4] 
egQ3[6,2;3,1^5,4], 
and so 6355 = 63^3 = = ^603 = 
A.30. 
(d) v^c,^ = 2^.4,1] - ,2] -
H-e^g^Ee,4:3,2:5,1] + + e3^g[6,4;2,l55,33 
and so egQ^ = 0; 
(e) v^c^ = + - M 
and so 83^3 = = = 63^3 = 0; 
(f) v^c?^ = -e3^^[6,5;2,l;4,3] + e3g^[6,4;2,l;5,3], 
and so = 0; 
(g) = e3^^[6,4;2,l-5,3], 
and so ~ 
(A.3.2.1) The law u in terms of basic commutators. 
u — — [x^ 9X3 5X3 .x^ jXg] + [x^ jX^ 5X3'Xg — [x^ jX^ 9X3 jx^ jX^ 
'^2. ^ ^ 4 ' ^ 2 ~ ^ ^ 3 ^ ^ 4 " 
~ [x^ 5X2 J Xg 5X3] — [x^ s,X^  ,X3 Xg 5X3 5X2 ] ~ 
5X29X3jXg3X3jX^] + [ X 2 j X ^ J X g 5 X 3 5 X 3 ] — [x^5X35X3"Xg:X2jX^] 
— [x^ sX2?Xg 5X3 jX^ 9X3] + [x^ 9X3 JXg jX^ 5X2 ] + [x^ jX^ jX^ 9X2 5X3] 
— [ x ^ 5 X 2 9 X 3 ; X g + [x^jX2;Xg^X2jX^,X3] ~ [X2jX^jX^-x^^x^^x^] 
A.31. 
= + - [ x ^ j X ^ ; X 2 , X g ] 
-[x^jX^jX^jXgjX^jX^] + [ x ^ s X ^ J X ^ j X ^ ] - [x^jX^jX^jXg'X^jX^] 
(A.3.2.2) Relations obtained from w^(3,6) and elimination of basic 
commutators from them. 
(1) [5,4,6;2,1,3] + [4,3,5:2,1,6] [5,3,4^2,1,6] -- [5,2,6-4,1,3] 
+[5,2,3;4,1,6] + [5,1,G;4,2,3] - [5,1,3;4,2,6] = 0, 
(2) -[5,4,6:2,1,3] + [6,4,5;2,1,3] + [5,3,6;2,1,4] - [6,3,5-2,1,4] 
-[6,2,4;5,1,3] + [6,2,3?5,1,4] + [6,1,4:5,2,3] ... [6,1,3:5,2,4] = 0 
(3) -[6,4,5;2,1,3] [4,3,6;2,1,5] + [6,3,4;2,1,5] + [6,2,5:4,1,3] 
-[6,2,3;4,1,5] - [6,1,5;4,2,3] + [6,1,3;4,2,5] ss 0, 
(4) -[5,4,6^2,1,3] + [5,3,6:2,1,4] - [4,3,6.2,1,5] + [5,4,6:3,1,2] 
+[5,2,6-3,1,4] + [4,2,6:3,1,5] + [4,1,5:3,2,6] - [5,1,4;3,2,6] 
-[5,3,6;4,1,2] + [5,2,6;4,1,3] + [5,1,3;4,2,6] - [5,1,2;4,3,6] = 0, 
(5) [5,4,6;2,1,3] - [6,4,5;2,1,3] + [6,3,4:2,1,5] - [5,3,4;2,1,6] 
-[5,4,6;3,1,2] + [6,4,5;3,1,2] - [6,2,4^3,1,5] + [5,2,4;3,1,6] 
+[5,1,6;3,2,4] - [6,1,5;3,2,4] „ [6,3,4;5,1,2] + [6,2,4;5,1,3] 
+[6,1,3;5,2,4] - [6,1,2;5,3,4] = 0, 
(6) [6,4,5-2,1,3] - [6,3,5;2,1,4] + [4,3,5^2,1,6] - [6,4,5:3,1,2] 
+[6,2,5;3,1,4] - [4,2,5^3,1,6] - [4,1,6^3,2,5] + [6,1,4 3,2,5] 
+[6,3,5;4,1,2] - [6,2,5;4,1,3] - [6,1,3:4,2,5] + [6,1,2:4,3,5] = 0, 
A. 3 2 . 
( 7 ) - [ 5 , 4 , 6 ; 3 , 1 , 2 ] - [ 4 , 2 , 5 ; 3 , 1 , 6 ] + [ 5 , 2 , 4 : 3 , 1 , 6 ] + [ 5 , 1 , 6 : 3 , 2 , 4 ] 
- [ 4 , 1 , 6 ; 3 , 2 , 5 ] + [ 5 , 3 , 6 ^ 4 , 1 , 2 ] - - [ 5 , 2 , 3 : 4 , 1 , 6 ] - [ 5 , 1 , 6 - 4 , 2 , 3 ] 
+ [ 5 , 1 , 2 ; 4 , 3 , 6 ] = 0 , 
( 8 ) [ 5 , 4 , 6 : 3 , 1 , 2 ] - [ 6 , 4 , 5 , 3 , 1 , 2 ] - [ 5 , 2 , 6 : 3 , 1 , 4 ] + [ 6 , 2 , 5 : 3 , 1 , 4 ] 
+ [ 6 , 1 , 4 ; 3 , 2 , 5 ] - [ 5 , 1 , 4 ? 3 , 2 , 6 ] + [ 6 , 3 , 4 : 5 , 1 , 2 ] - [ 6 , 2 , 3 : 5 , 1 , 4 ] 
- [ 6 , 1 , 4 ; 5 , 2 , 3 ] + [ 6 , 1 , 2 ; 5 , 3 , 4 ] s 0 , 
( 9 ) [ 4 , 2 , 6 » 3 , 1 , 5 ] - [ 6 , 2 , 4 : 3 , 1 , 5 ] + [ 6 , 4 , 5 : 3 , 1 , 2 ] - [ 6 , 1 , 5 : 3 ; 2 , 4 ] 
+ [ 4 , 1 , 5 ; 3 , 2 , 6 ] - [ 6 , 3 , 5 , 4 , 1 , 2 ] + [ 6 , 2 , 3 : 4 , 1 , 5 ] + [ 6 , 1 , 5 : 4 , 2 , 3 ] 
- [ 6 , 1 , 2 : 4 , 3 , 5 ] = 0 , 
( 1 0 ) [ 5 , 3 , 6 ; 2 , 1 , 4 ] [ 5 , 3 , 4 : 2 , 1 , 6 ] - [ 5 , 2 , 6 : 3 , 1 , 4 ] + [ 5 , 2 , 4 : 3 , 1 , 6 ] 
+ [ 5 , 1 , 6 ; 3 , 2 , 4 ] - [ 5 , 1 , 4 ^ 3 , 2 , 6 ] = 0 , 
( 1 1 ) - [ 6 , 3 , 5 ^ 2 , 1 , 4 ] + [ 6 , 3 , 4 ; 2 , 1 , 5 ] + [ 6 , 2 , 5 : 3 , 1 , 4 ] - [ 6 , 2 , 4 : 3 , 1 , 5 ] 
+ [ 6 , 1 , 4 ; 3 , 2 , 5 ] - [ 6 , 1 , 5 ; 3 , 2 , 4 ] = 0 , 
( 1 2 ) [ 5 , 4 , 6 ; 2 , 1 , 3 ] - [ 5 , 3 , 6 ; 2 , 1 , 4 ] + [ 4 , 3 , 6 ; 2 , 1 , 5 ] - [ 5 , 4 , 6 : 3 , 1 , 2 ] 
+ [ 5 , 2 , 6 ; 3 , 1 , 4 ] - [ 4 , 2 , 6 : 3 , 1 , 5 ] - [ 4 , 1 , 5 : 3 , 2 , 6 ] + [ 5 , 1 , 4 : 3 , 2 , 6 ] 
+ [ 5 , 3 , 6 ; 4 , 1 , 2 ] - [ 5 , 2 , 6 ; 4 , 1 , 3 ] - [ 5 , 1 , 3 : 4 , 2 , 6 ] + [ 5 , 1 , 2 : 4 , 3 , 0 ] = 0 , 
( 1 3 ) [ 5 , 3 , 6 ; 2 , 1 , 4 ] _ [ 6 , 3 , 5 : 2 , 1 , 4 ] - [ 4 , 3 , 6 : 2 , 1 , 5 ] + [ 6 , 3 , 4 : 2 , 1 , 5 ] 
+ [ 4 , 3 , 5 ; 2 , 1 , 6 ] - [ 5 , 3 , 4 ; 2 , 1 , 6 ] _ [ 5 , 3 , 6 : 4 , 1 , 2 ] + [ 6 , 3 , 5 : 4 , 1 , 2 ] 
- [ 6 , 2 , 3 ; 4 , 1 , 5 ] + [ 5 , 2 , 3 : 4 , 1 , 6 ] + [ 5 , 1 , 6 : 4 , 2 , 3 ] - [ 6 , 1 , 5 : 4 , 2 , 3 ] 
+ [ 6 , 1 , 2 ; 4 , 3 , 5 ] - [ 5 , 1 , 2 : 4 , 3 , 6 ] - [ 6 , 3 , 4 : 5 , 1 , 2 ] + [ 6 , 2 , 3 , 5 , 1 , 4 ] 
+ [ 6 , 1 , 4 ; 5 , 2 , 3 ] - [ 6 , 1 , 2 ; 5 , 3 , 4 ] = 0 , 
( 1 4 ) [ 5 , 3 , 6 : 4 , 1 , 2 ] - [ 6 , 3 , 5 : 4 , 1 , 2 ] - [ 5 , 2 , 6 : 4 , 1 , 3 ] + [ 6 , 2 , 5 : 4 , 1 , 3 ] 
+ [ 6 , 1 , 3 ; 4 , 2 , 5 ] - [ 5 , 1 , 3 ; 4 , 2 , 6 ] - [ o , 1 , 2 : 4 , 3 , 5 ] + [ 5 , 1 , 2 : 4 , 3 , 6 ] 
+ [ 6 , 3 , 4 ; 5 , 1 , 2 ] - [ 6 , 2 , 4 : 5 , 1 , 3 ] - [ 6 , 1 , 3 ; 5 , 2 , 4 ] + [ 6 , 1 , 2 : 5 , 3 , 4 ] = 0 
A.33. 
(15) -[6,4,5;3,1,2] - [4,2,6;3,1,5] + [6,2,4?3,1,5] + [6,1,5;3,2,4] 
-[4,1,5;3,2,6] + [6,3,5:4,1,2] - [6,2,3:4,1,5] - [6,1,5;4,2,3] 
+[6,1,2;4,3,5] = 0, 
(16) [4,3,6;2,1,5] ~ [4,3,5;2,1,6] - [4,2,6;3,1,5] + [4,2,5:3,1,6] 
+[4,1,6;3,2,5] - [4,1,5;3,2,6] = 0. 
From these relations we eliminate; 
d^Q^ = [6,1,4;3,2,5], d^^^ = [4,1,5^3,2,6], d^^^ = [5,1,4;3,2,6], 
d^^o = [6,1,3;4,2,5], d^^i = [5,1,3;4,2,6], d322 = [6,1,2^4,3,5], 
'523 = [5,1,2^4,3,6]. d^^g = [6,1,3;5,2,4], d325, = [6,1,2:,5,3,4] 
(A.3.2.3) Relations obtained from W2(3,6) and elimination of basic 
commutators from them. 
By Lerama (3.0.1), (iii), sums of commutators of type (2,2,2) 
with arbitrary entries form a subgroup of Fg(Ng), hence also of Fg(U). 
We denote this subgroup of ^^(y) ^ ^^^ the following computations 
are modulo F, that is, we throw axray commutators of type (2,2,2) when-
ever they occur. 
(1) -[5,1,2,6;4,3] + [6,1,2,5;4,3] + [4,1,2,6;5,3] - [6,1,2,4;5,3] 
-[3,1,2,6^5,4] + [6,1,2,3:5,4] - [4,1,2,5;6,3] + [5,l,2,4t6,3] 
+[3,1,2,5;6,4] - [5,1,2,3;6,4] - [3,1,2,4;6,5] + [4,1,2,3;6,5] = 0 mod F, 
(2) -[5,1,3,6;4,2] + [6,1,3,5;4,2] + [4,1,3,6.5,2] - [6,1,3,4;5,2] 
-[2,1,3,6;5,4] + [6,1,2,3;5,4] - [4,1,3,5;6,2] + [5,1,3,4:6,2] 
+[2,1,3,5;6,4] - [5,1,2,3;6,4] - [2,1,3,4;6,5] + [4,1,2,3:6,5] = 0 mod T, 
A.34. 
(3) -[5,2,3,6^4,1] + [6,2,3,5;4,1] + [4,2,3,6;5,1] - [6,2,3,4:5,1] 
+[6,1,2,3;5,4] - [4,2,3,5;6,1] + [5,2,3,4;6,1] - [5,1,2,3:6,4] 
+[4,1,2,3;6,5] - 0 mod r, 
(4) -[5,1,4,6;3,2] + [6,1,4,5,3,2] + [3,1,4,6;5,2] - [6,1,3,4:5,2] 
-[2,1,4,6;5,3] + [6,1,2,455,3] - [3,1,4,5:6,2] + [5,1,3,4:6,2] 
+[2,1,4,5;6,3] - [5,1,2,4;6,3] - [2,1,3,4-6,5] + [3,1,2,4:6,5] = 0 mod r, 
(5) -[5,2,4,6;3,1] + [6,2,4,5:3,1] + [3,2,4,6;5,1] - [6,2,3,4:5,1] 
+[6,1,2,4;5,3] - [3,2,4,5;6,1] + [5,2,3,4;6,1] - [5,1,2,4:6,3] 
+[3,1,2,456,5] 0 mod r, 
(6) -[5,3,4,6:2,1] + [6,3,4,5;2,1] [6,2,3,4:5,1] + [6,1,3,4:5,2] 
+[5,2,3,4:6,1] - [5,1,3,4;6,2] + [2,1,3,4:6,5] = 0 mod r. 
(7) -[4,1,5,6;3,2] + [6,1,4,5;3,2] + [3,1,5,6:4,2] - [6,1,3,5:4,2] 
-[2,1,5,6;4,3] + [6,1,2,5;4,3] - [3,1,4,5;6,2] + [4,1,3,5:6,2] 
+[2,1,4,5;6,3] - [4,1,2,5;6,3] - [2,1,3,5:6,4] + [3,1,2,5:6,4] = 0 mod r. 
(8) -[4,2,5,6^3,1] + [6,2,4,5^3,1] + [3,2,5,6:4,1] - [6,2,3,5:4,1] 
+[6,1,2,5;4,3] - [3,2,4,5;6,1] + [4,2,3,5:6,1] - [4,1,2,5:6,3] 
+[3,1,2,5^6,4] = 0 mod r. 
(9) -[4,3,5,6;2,1] + [6,3,4,5;2,1] - [6,2,3,5:4,1] + [6,1,3,5^4,2] 
+[4,2,3,5;6,1] - [4,1,3,5;6,2] + [2,1,3,5:6,4] + [2,1,3,5:6,4] = 0 mod r. 
(IP) [6,3,4,5;2,1] - [6,2,4,5;3,1] + [6,1,4,5:3,2] + [3,2,4,5:6,1] 
-[3,1,4,5^6,2] + [2,1,4,5:6,3] 0 mod r. 
(11) -[4,1,5,6;3,2] + [5,1,4.6;3,2] [3,1,5,6:4,2] [5,1,3,6:4,2] 
-[2,1,5,6:4,3] + [5,1,2,6;4,3] - [3,1,4,6;5,2] + [4,1,3,6:5,2] 
+[2,1,4,6;5,3] - [4,1,2,6:5,3] - [2,1,3,6;5,4] + [3,1,2,6:5,4] = 0 mod r, 
A.35. 
(12) -[4,2,5,6;3,1] + [5,2,4,653,1] + [3,2,5,6;4,1] - [5,2,3,6;4,1] 
+[5,1,2,6;4,3] ~ [3,2,4,6;5,1] + [4,2,3,6-5,1] - [4,1,2,6;5,3] 
+[3,1,2,6|5,4] = 0 mod r, 
(13) -[4,3,5,6^2,1] + [5,3,4,6;2,1] - [5,2,3,6-4,1] + [5,1,3,6|4,2] 
+[4,2,3,6;5,1] - [4,1,3,6^5,2] + [2,1,3,6;5,4] = 0 mod F, 
(14) [5,3,4,6;2,1] - [5,2,4,6;3,1]+ [5,1,4,6;3,2] + [3,2,4,6;5,1] 
-[3,1,4,6;5,2] + [2,1,4,6^5,3] = 0 mod F, 
(15) [4,3,5,6^2,1] - [4,2,5,6:,3,1] + [4,1,5,6;3,2] + [3,2,5,6;4,1] 
-[3,1,5,6;4,2] + [2,1,5,6;4,3] = 0 mod F, 
From these relations we eliminate: 
S 4 5 = [2,1,5,6;4,3], S 5 4 = [2,1,4,6;5,3], S 5 7 = [2,1,3,6;5,4], 
^558 = [3,1,2,6;5,4], ^ 6 6 " [2,1,4,5;6,3], ^ 6 9 = [2,1,3,5;6,4], 
^ 7 0 = [3,1,2,5;6,4], S 7 2 = [2,1,3,4;6,5], ^ 7 3 = [3,1,2,4;6,5], 
S 7 4 = [4,1,2,3;6,5], 
(A.3.2.4) Relations obtained from w^(3,6), ^>7^(3,6) and 
elimination of basic commutators from them. 
The following relations are obtained from W2(3,6) by permutation 
of variables. 
(1) [6,5;2,1;4,3] - [6,4:2,1;5,3] + [6,3;2,1:5,4] + [5,4;2,l56,3] 
-[5,3;2,1;6,4] + [4,3;2,1;6,5] = 0, 
A.36. 
(2) [ 6 , 5 ; 3 , 1 : A , 2 ] - [ 6 , 4 . : 3 , 1 ; 5 , 2 ] + [ 6 , 2 ; 3 , 1 ^ 5 , 4 ] + [ 5 , 4 ; 3 . 1 ; 6 , 2 ] 
- [ 5 , 2 ; 3 , l 5 6 , 4 ] + [ 4 , 2 ? 3 , 1 ; 6 , 5 ] = 0 , 
(3) [ 6 , 5 ; 3 , 2 ; 4 , 1 ] - [ 6 . 4 ; 3 , 2 ; 5 , 1 ] + [ 6 , 1 ; 3 , 2 ; 5 , 4 ] + [ 5 , 4 : 3 , 2 ; 6 , l l 
• - [ 5 , 1 ; 3 , 2 ; 6 , 4 ] + [ 4 , 1 ; 3 , 2 ; 6 , 5 ] - 0 , 
(4) [ 6 , 5 ; 3 , 2 ; 4 , 1 ] - [ 6 , 3 ; 4 a ; 5 , 2 ] + [ G , 2 ; 4 5 , 3 ] + [ 5 , 3 ; 4 , 1 : 6 , 2 ] 
- [ 5 , 2 ; 4 , 1 ; 6 , 3 ] - 2 [ 4 , 1 ; 3 , 2 ; 6 , 5 ] = 0 , 
(5) [ 6 , 5 ^ 3 , 1 ; 4 , 2 ] - [ 6 , 3 ; 4 , 2 j 5 , l ] + [ 6 , l 5 4 , 2 » 5 , 3 ] + [ 5 , 3 ; 4 , 2 ; 6 , 1 ] 
- [ 5 , 1 ; 4 , 2 ; 6 , 3 ] - 2 [ 4 , 2 ; 3 , 1 ; 6 , 5 ] = 0, 
(6) [ 6 , 5 5 2 , 1 ; 4 , 3 ] - [ 6 , 2 ; 4 , 3 " 5 , 1 ] + [ 6 , 1 ; 4 , 3 ^ 5 , 2 ] + [ 5 , 2 ; 4 , 3 : 6 , 1 ] 
~ [ 5 , 1 ; 4 , 3 ; 6 , 2 ] - 2 [ 4 . 3 2 , 1 ; 6 , 5 ] = 0 , 
(7) [ 6 , 4 ; 3 , 2 ^ 5 , 1 ] - [ 6 , 3 ; 4 , 2 ; 5 , 1 ] + [ 6 , 2 ^ 4 , 3 ; 5 , 1 ] " 2 [ 5 , 1 ; 4 , 3 : 6 , 2 ] 
+ 2 [ 5 , 1 ; 4 , 2 ; 6 , 3 ] - 2 [ 5 , 1 ; 3 , 2 » 6 , 4 ] = 0, 
(8) [ 6 , 4 ^ 3 , 1 ^ 5 , 2 ] - [ 6 , 3 ; 4 , 1 ^ 5 , 2 ] + [6 ,1 ;4 ,3 : . 5 ,2 ] - 2 [ 5 , 2 ; 4 , 3 ; 6 , 1 ] 
+ 2 [ 5 , 2 ; 4 , 1 ; 6 , 3 ] - 2 [ 5 , 2 : 3 , 1 ; 6 , 4 ] = 0 , 
(9) [ 6 , 4 ; 2 , 1 ; 5 , 3 ] - [ 6 , 2 ; 4 , 1 ; 5 , 3 ] + [ 6 , 1 ; 4 , 2 ; 5 , 3 ] - 2 [ 5 , 3 ; 4 , 2 ; 6 , 1 ] 
+ 2 [ 5 , 3 ; 4 , 1 ; 6 , 2 ] - 2 [ 5 , 3 5 2 , 1 ; 6 , 4 ] = 0 , 
(10) [ 6 , 3 2 2 , 1 ; 5 , 4 ] - [ 6 , 2 ; 3 , 1 ; 5 , 4 ] + [6 ,1 :3 ,2 . : 5 ,4 ] - 2 [ 5 , 4 : 3 , 2 ^ 6 , 1 ] 
+ 2 [ 5 , 4 ; 3 , 1 ; 6 , 2 ] - 2 [ 5 , 4 ; 2 , 1 ; 6 , 3 ] = 0, 
(11) [ 5 , 4 ; 3 , 2 ; 6 , 1 ] - [ 5 , 3 ; 4 , 2 ; 6 , 1 ] + [ 5 , 2 ; 4 , 3 ; 6 , 1 ] - 2 [ 6 , 1 | 4 , 3 ; 5 , 2 ] 
+ 2 [ 6 , 1 ; 4 , 2 ; 5 , 3 ] - 2 [ 6 , l ; 3 , 2 f 5 , 4 ] = 0, 
(12) [ 5 , 4 ; 3 , 1 ; 6 , 2 ] - [ 5 , 3 : 4 , 1 ; 6 , 2 ] + [ 5 , 1 ; 4 , 3 : 6 , 2 ] - 2 [ 6 , 2 ; 4 , 3 ; 5 , 1 ] 
+ 2 [ 6 , 2 : 4 , 1 ; 5 , 3 ] - 2 [ 6 , 2 , 3 , 1 : 5 , 4 ] = 0 , 
(13) [ 5 , 4 ; 2 , 1 ; 6 , 3 ] - [ 5 , 2 ; 4 , 1 ; 6 , 3 ] + [ 5 , 1 ; 4 , 2 ; 6 , 3 ] - 2 [ 6 , 3 ; 4 , 2 ; 5 , 1 ] 
+ 2 [ 6 , 3 ; 4 , 1 ; 5 , 2 ] - 2 [ 6 , 3 ; 2 , 1 ; 5 , 4 ] = 0 , 
A.37. 
(14) [5,3;2,1;6,4] - [5,2:3,1:6,4] + [5,1;3,2;6,4] - 2[6,4?3,2;5,1] 
+2I6,4;3,1;5,2] - 2[6,4:2,1;5,3] = 0, 
(15) [4,3?2,lj6,5] - [4,2;3,1j6,5] + [4,1;3,2;6,5] - 2[6,5;3,2;4,1] 
+2[6,5;3,1',4,2] - 2[6,5;2,1'4,3] = 0, 
The following relations are obtained by repeated application of the 
operation of addition to the relations obtained from vr^O^S), 
W3(3,6). 
(16) [5,4;3,1;6,2] - [5,3;4,1;6,2] - [5,1;4,336,2] - [5,4;2,1;6,3] 
+[5,2;4,1:6,3] + [5,1^4,2;6,3] + [5,3;2,1;6,4] - [5,2;3,1.;6,4] 
-[5,1;3,2;6,4] - [4,3;2a;6,5] + [4,2;3,1;6,5] + [4,l;3,2-6,5] = 0, 
(17) -[5,4;3,2;6,1] + [5,3;4,2j6,l] - [5,2;4,3;6,1] + 2[5,1;4,3;6,2] 
-2[5,1;4,2;6,3] + 2[5,1;3,2;6,4] + [4,3;2,1;6,5] - [4,2;3,1?6,5] 
-[4,1;3,2:6,5] = 0, 
(18) -2[5,4;3,2;6,1] + 2[5,3;4,1;6,2] + 2[5,1;^,3;6,2] - 2[5.2;4,1;6,3] 
-2[5,1:4,2;6,3] - [5,352,1;6,4] + [5,2;3,1;6,43 + 3[5,1;3,2;6,4] 
+[4,3;2,1;6,5] - [4,2:3,156,5] - 3[4,1:3,2:6,5] = 0, 
(19) -2[5,3;4,2;6,1] + 2[5,3:4,1;6,2] + [5,4:2,1;6,3] - [5,2;4,1;6,3] 
+[5,l;4,2t6,3] - 2[5,3;2,1:6,4] + [4,3;2.1;6,5] + [4,2;3,1:6,5] 
-[4,1;3,256,5J = 0. 
From relations (D - (15) we eliminate: 
d^^^ = [6,5;3,2;4,1], d^^g = [6,5;3,1;4,2], d^^^ = [6,5:2,1:4,3], 
dg^g = [6,4:3,2;5,1], d^^^ = [6,3.:4,2;5,1], d^g^ = [6,2;4,3;5,1] , 
Ssi " [6,4|3,1;5,2], d^g^ = [6,4;2,1.:5,3], d^g^ = [6,3:2,1:5,4], 
S92 = [5,2;4,3|6,1], 
A.38. 
and from relations (16) - (19) we eliminatet 
d3g3 = [5,4;3,1;6,2], d^^^ = [5,4;2,l56,3], 
d^g^ = [5,3;2,1;5,4]. = 1 2 ; 5, 5] 
(A.3.2.5) Table giving the images of the left-normed terms of u^ (p.44) 
under i e {1,2,3} (p.45) in terms of basic commutators in 3 
generators. 
1^2, ^13 
e33[2,l,l,3,4] 0 [2,1,1,2,3] [2,1,1,3,3] 
e5g[2,l,2,3,4] -> 0 [2,1,2,2,3] [2,1,2,3,3] 
e5^[2,l,3,3,4] 0 [2,1,2,2,3] [2,1,3,3,3] 
e5g[2,l,3,4,4] 0 [2,1,2,3,3] X 
e3g[3,l,l,2,4] [2,1,1,1,3] [2,1,1,2,3] [3,1,1,2,3] 
egQ[3,l,2,2,4] [2,1,1,1,3] [2,1,2,2,3] [3,1,2,2,3] 
eg^[3,l,2,3,4] [2,1,1,2,3] X X 
[2,1,1,3,3] X X 
e^3[4,l,l,2,3] ->• [3,1,1,1,2] [3,1,1,2,2] X 
eg^[4,l,2,2,3] - V [3,1,1,1,2] [3,1,2,2,2] X 
e^3[4,l,2,3,3] [3,1,1,2,2] X X 
egg[4,l,2,3,4] [3,1,1,2,3] X X 
A,39. 
We deduce immediately from the column headed by cp^^ e^^ = e^^ = ~ ~ 
from the column headed by cp, . e_„ = e-_ = e,, and from the column headed by cp 
•' 12 58 63 64 
= . - e__ = e^ .-, = e-_ = 0. Hence e, = 0 for all j5 5c 57 59 60 i 
i e {55,565...,66}. 
(A. 3.2.6) Table giving the images of the terms of type (3^2) c^ u^ ^ 
(p.AA) under cp,^, i e {1^2,3,4} p.^5) in terms of basic commutators 
in 3 generators. 
^22 ^24^ 
^67^217 X X X 
e^g[3,2,4;2,l] e d 68 218 X X X 
egg[4,l,3;2,l] ^69^^181 X X X 
e d ®70 182 X X X 
^71*^183 X X X 
-y 0 0 -^72^183 X 
e^3[2,l,4;3,l] 0 -^73^219 X X 
e^^[3,2,4;3,l] ->- e d ®74 220 X X X 
e^5[4,l,2;3,l] ^75^^194 X X X 
e^g[4,2,2;3,l] ^76^196 X X X 
e^^[4,2,3;3,l] ^77^197 X X X 
e^g[4,2,4;3,l] 0 0 ^78^161 X 
->- 0 "^79^222 X X 
e3Q[3,l,4;3,2] ^80^222 X X X 
eg^[4,1,1:^3,23 -> ^81^^205 X X X 
A.40. 
^21 ^22 ^24 
e32[4,l,2;3,2] ^82^^206 X X X 
eg3[4,l,3;3,2] -> ^83^207 X X X 
eg^[4,l,4;3,2] 0 0 ^84^165 X 
eg3[2,l,3;4,l] ^85^156 X X 
egg[3,1,2.4,1] ->- ^86^158 X X X 
eg^[3,2,2;4,l] e 87"160 X X X 
egg[3,2,3;4,l] ^-88^161 X X X 
egg[3,2,4;4,l] 0 0 ^89^^197 X 
egQ[4,2,3;4,l] 0 0 ^90^220 X 
eg^[2,l,3;4,2] ^91^^162 -^91^^169 X X 
^92^163 X X X 
eg3[3,l,2;4,2] ^93^164 X X X 
^94^165 X X X 
0 0 ^95^207 X 
egg[4,l,3;4,2] ->• 0 0 ^96^222 X 
-V -^97^156 "^7^159 X X 
egg[2,l,2;4,3] ->• -®98^165 X X 
-> 0 -^99^170 X X 
e^Qp[2,l,4;4,3] 0 0 0 ^100^^207 
e d ^101 169 X X X 
-> 0 0 -e d 102 109 X 
Equations obtained from the column headed by cfv^ , give 
immediately that e^ = 0 for all i e {67,68,...,102}. 
A.41. 
(A.3.2.7) Table giving the images of the terms of w (p.49) under 
i = lj2,3 in terms of basic commutators in 3 generators. 
^33 
e235[4,3,4;2,l,4] -> 0 e239[323:213] 0 
2,4^3,1,4] e3^^[3135213] e^^^[323•213] [323^313] 
e32g[4,l,4;3,2,4] e32g[313:,213] 0 -[323,313] 
X X 
X 
e33^[4,3,4;4,l,2] ^ e33^[323-311] x
e33^[4,2,4;4,l,3] ^ e33^[3135312] e33^[323j312] 
e333[4,2,3;4,l,4] ^ -e33g[313-312] e33g[322•313] x 
Relations obtained from the column headed by 
(a) cp,^ ^ : (1) 03^7 + = 0 
"337 - ^338 = ° 
(3) 633^ = 0 
(b) CP32 : (4) e^gg + = 0 
(5) e33, = 0 
(c) 
(6) e333 = 0 
^317 - ^329 = ° • 
Equations (1) and (7) give at once = e32g = 0; equation 
(4) then gives ~ Kence all coefficients are trivial. 
A.42. 
cp ,^, i e a ,2 . . ,10}, in terms of basic commutators in 4 generators. 
''•41 ^45 
®490^490 0 0 0 0 
e d 490 255 
0 0 0 0 ^491^257 
e d k'irk^l 0 0 0 0 ^492^255 
®493^493 0 0 0 0 %93^257 
e d -v 0 0 0 0 0 %94 494 
®495^495 0 0 
0 0 a d ®495 270 
e d 0 0 0 0 0 496 496 
^497^^497 
->• 0 0 0 0 e d 497 279 
^498*^498 0 ^498^^255 "^498^^255 ~®498'^ 255"^ ®498'^ 257 
X 
^499^499 ->• 0 ^499*^257 "®499^255'^^499^257 
X X 
®500^500 0 ^00^^255 
0 ^500^^270 0 
e d ®501 501 0 ®50l'^257 ^501*^270 
0 0 
e d 502 502 0 
0 ^502^255 ^502^279 0 
e d ®503 503 0 e d ®503 270 
X X X 
®504^504 0 
0 ^504^^279 ^504^255 X 
^505^505 0 
e d ^505 279 
X X X 
®506^506 0 e d 506 255 
0 ^506^^270 -^06^255 
^507^507 0 ^507^257 
e d 507 270 0 -^507^257 
®508'^ 508 0 
0 ^508^255 ^508^^279 0 
^512^255 
0 ^512^279 ^512^279'"^512'^291 X 
^513^513 ^513^257 
0 ®513'^279"'^513^291 X X 
A.43. 
^514^14 " ^514^255 
^515^15 ^515^257 
^517^17 " ^517^279 
^519^19 " 
^524^24 " 
^525^25 " 
^526^26 " 
^527^27 " 
^519^257 
'Ll 
0 
0 
X 
X 
0 
0 
0 
®515^297 
X 
0 
CT) 
®524'^291 ®524^279"''®524'^291 
^525^^291 ®525'^297 
^526^^297 X 
^527^^291 ^527^^297 
X 
0 
^514^297 
0 
X 
X 
^518^297 
0 
X 
0 
X 
0 
'45 
0 
0 
•^518^255 
-e d 
519 257 
^525'^279'"^525^291 
•®527^270"^®527'^297 
A.44 . 
'46 
^490^^490 
^47 
"•®490^255 
^48 
"®490^262'''®490^264 
9 '49 
X 
cp '410 
X 
^491^491 e d 491 270 X X 
X 
^492^^492 -e d ^492 255 0 e d ^492 274 ^492^277 
X 
^494*^494 "^494^^255 
e d 494 255 
X 
^494^^283 
X X 
^494^^289 
^495^^495 X 
X X 
®496^496 ^496^^279 ^496^279 ®496^262 
X X 
^497^^497 
^498^498 
^499^499 
^500^^500 
X 
X 
X 
e d 
X 
X 
0 
X 
X 
^500^^274 
X 
X 
®500^309 
X 
X 
X 
X 
^501^501 
X X X 
^502^^502 ^502^283 ^502^312 
X 
®503^503 
^504^^504 
®505S05 
^506*^506 
X X 
0 
X 
0 
X 
X 
X 
^506^324 
X 
X 
X 
X 
®507^507 
®508^508 0 
X 
- e d ®508 255 
X 
"®508^306 
X 
^512^512 
^513^^513 
^514^514 
^515^515 
X 
X 
0 
0 
X 
X 
^514^^279 
21515^ 291 
X 
X 
'514'^301 
X 
X 
X 
X 
X 
X 
X 
X 
^516^^516 
X X X 
A.45. 
% ^10 
^ ^ * X X 
^518^18 ° ^ ^518^319 
®519Sl9 -^519^270 -^519^270-'^519'^297 x x 
^24^24 ^ ^ X X 
^525^525 ^ ^ ^ X X 
^526^25 ^ ^ ^ X X 
^527^27 ^ ^ ^ X X 
Equations (we only produce those which give immediately that some 
(a) cp^,;^  : e^^g = 0, e 
^-4 ^ ^ 498 = ^ 
= ^ 495 = ® 
= ^ 93 = ^ 
(g) ^47 • ®491 = ® 
^ ^ 90 = ^ 
(i) ^AQ • ^ 92 = ^500 = ^502 = ®506 = ^508 = ° = 
Hence the commutators In v^ have trivial coefficients. 
obtained from the column headed by: 
517 
S5 0, ^526 
SI 0! 
505 
S 0, ^524 
s 0' 
513 
S 0; 
504 
s 0, ®512 = 0; 
525 
s 0, ^527 0; 
497 
s 0, ^S01 = 0, 
o = 
^507 05 
515 = 0, ®519 
s 0; 
496 0, ^514 
£= 0, ®518 0; 
300 
ss 0, ^502 = 0, ®506 "" ^508 
A. 46. 
(A. 3.2.9) An expression for v^ (p. 49) in basic coimnutators not 
including the coinmutators that have been eliminated. 
v^ = e5g^[6,3;4,l;5,2] + e5g3[6,l;4,3:5,2] + e3g3[6,2°4,lr,5,3] 
+e5g^[6,l;4,2;5,3] + e3gg[6,2< 3,1;5,4] + e5g^[6,l.:3,2:5,4] 
+e5g3[5,l;4,3;6,2] + e3g^[5,2;4,l;6,3] + e3gg[5,l;4,2:6,3] 
+egQ3[4,2;3,l;6,5]. 
(A.3.2.10) Table giving the images of the terms of v^ (p.49) under 
i e {1,2,...,11} (p.54) in terms of basic commutators in 3 generators. 
^61 % 2 % 3 % 4 ^65 
e d 583 219 e d ®583 217 0 -^583^221 ~e d ®583 224 
®586^586 5^86^ 2^19 ^586^217 0 0 "^586^^224 
^589^589 
->- 0 0 0 0 0 
0 0 0 0 0 
^591^91 -> 5^91^ 2^19 0 
0 ^591^^221 0 
®594'^594 e d ®594 219 0 ^594^223 ^594^221 5^94*^ 224 
e d 595 595 5^95^ 2^19 0 
0 "^595^221 
^597^97 5^97^ 2^19 0 ^597^^223 0 ^597^^224 
^598^598 5^98^ 2^19 0 
0 "^598'^224 
• 600"^  600 -> 0 0 ^600^223 0 
0 
A. 47, 
^601^^601 
^602^602 
^603^^603 
61 
0 
0 
0 
62 
0 
0 
0 
63 
0 
0 
0 
64 
0 
9 
0 
0 
65 
0 
0 
0 
e d 503 583 
^586^586 
5^89^ 5^89 
®590^590 
^591^91 
®594^594 
e d ®595 595 
e d ®597 597 
^598^^590 
^600^^600 
^eOl'^GOl 
^602^602 
®603^603 
9 
66 
0 
0 
0 
e d 595 218 
0 
0 
0 
0 
0 
67 
0 
0 
0 
e d ^590 218 
e d 591 218 
5^94^ 2^18 
0 
0 
0 
0 
0 
0 
0 
-e 
68 
0 
0 
0 
0 
0 
594^ 2^18 
-e d 595 218 
0 
0 
0 
^601^218 
0 
0 
69 
0 
0 
0 
-e d ^590 218 
0 
0 
0 
^597^218 
0 
0 
0 
0 
0 
cp 610 
0 
0 
'611 
"^583^218 
589 218 "589 218 
"^590^218 
e d 591 218 
0 
0 ' 
0 
0 
0 
-e 601^218 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
A. 48, 
Equations obtained from the column headed by 
(a) ^ (1) ^583 ^ 8 6 ®591 ^594 ^595 + -597 + -598 = 
(b) % 2 ^ (2) -583 + -586 = 
(c) = (3) ^594 -597 + -600 = 
(d) (4) - ^583 + -591 -594 -- -595 = 
(e) % 5 = (5) " ®583 " -586 -594 " ^595 -597 - -593 = 
(f) (6) -595 + -598 = 
(g) % 7 = (7) -590 -591 4- -594 = 
(h) (8) " -594 " -595 + -601 = 
(i) c • '69 • (9) 
- -590 + -597 = 
(j) 610 : (10) " -589 " -590 -591 - -601 = 
(k) ^611 • (11) -583 
+ -589 = 
Equations (2) , (6), (5) together with equations (1), (3) imply 
that -600 = ° , e^^^ = 0. Equations (10) and (11) 
now give: 
(12) -583 -590 + -601 = 
and equations (7), (8) give; 
(13) -590 " -595 + -601 = 
from which x-re obtain by subtracting (13) from (12): 
(14) -583 + -595 = 
A.49, 
Hence = 0, as equations ( 4 ) , (14) w i l l show, and equations 
( 7 ) , (9) noT<r g i v e e^^^ == 0, e^^^ = 0. Furthermore, we obta in from 
equat ions ( 2 ) , (1^ ) , (11) , (6 ) , (8) the fo l l ow ing ; 
(15) e^g^ = e^gg, e^gg = -e^gg , 
(16) e^g^ = e^Q^, e^gg = 
(17) e3gg = -e^Q^. 
A.50. 
Appendix 4; Computations for Chapter 4. 
(A.4.1.1) The law y (p. of in terms of basic commutators. 
p = [ [ x ^ j X j ^ jX^] + [Xj^ 5X2 5X,. jx^ ) 
[[XjjX^jX^JX^jX^]+ [[x^jX^"X^sX^],Xg] 
~ ' ^ 4 ^ ~ ^ ' ^ 2 ^ ~ 
^•[x^jX^jX^sXgJX^jX^] 
= [ x ^ j x ^ j X ^ ] — [ x ^ j X ^ 5 X 2 j X ^ ] — [ x ^ j X ^ j x ^ 5 X ^ 1 
[x^ jX^ ; X2 jXj^  ,Xg] ~ [x^ jX^ jX^ °.X2 ] — [x^ jXg jX^ ,Xg 5X2 s^ j^ ] 
+[x2jX^jX^,Xgjx^jX^]• 
(A.4.1.2) The law v (p.^ ^ ) £f ^2(2^) in terms of basic commutators. 
A.51. 
(A.4.1.3) Table giving the commutators of weight 5 in two generators 
and their coefficients in the expansion of c^(T^) (p. 6J) with 
respect to the coefficients ci^ (l) and a^(2). 
In the table the coefficients of commutators of weight 6 which are 
trivial are omitted Y is a constant arising from the expansion with 
respect to a^^^)' ^ is a constant arising from the expansion x^ lth 
respect to the result is obtained by observing that 
[1,2,252,1,1] = -[2,1,2;2,1.1] etc. 
Term relevant commutator of coefficient 
coefficient weight 6 
c^(T^) a^Cl) [2,1,1;2,1,1] 
c^CT^) " [1,2,1;2,1,1] 
c,(T3) 
C3(T^) " [1,2,2;2,1,1] a^(l)a^(2)a^(2)(x^(2)Y 
c^iT^ " " -a^(l)a^(2)c(3(2)a2(2)Y 
c^(T3) " '' a^(l)a2(2)a3(2)a^(2)Y 
c^(T^) " [2,l,2f2,l,l] a2(2)a^(l)a^(2)a^(2)Y 
c^CT^) " " -a^(2)a^(l)a^(2)a2(2)Y 
c^(T3) a^(2)a2(l)a^(2)a^(2)Y 
c^a^) a3(2) [2,l,ia,2,2] a2(2)a^(l)a3(l)a^(l)6 
A.52, 
Table (A.4.1.3) continued. 
Term relevant coefficient 
commutator of 
weight 6 coefficient 
a3(2) [2.1.1;1,2,2] -a^(2)(s^(l)a3(l)a2(l)6 
05(13) 1 ) I I a^(2)a2(l)a^(l)a^(l)6 
t i [1,2,1a,2,2] a2(l)a^(2)a3(l)a^(l)6 
11 n 
a^(l)a2(2)a3(l)a^(l)6 
! l [1,2,2;1,2,2] 
c^CT^) 
0,(13) 
I t 
I I 
"3(2) 
I I 
[2,1,251,2,2] 
O j W p 
03(13) 
f f 
! 1 
a3(2) 
I I 
I I 
[2,1,2,1;2,1] a2(l)a5(l)a^(2)a^(l)6 
0^(15) ) i I t -a^(l)a3(l)a^(2)a2(l)6 
)•> I t -a^(l)a3(l)a2(2)a^(l)6 
a3(l) [1,2,1,1;2,1] a2(2)a3(l)a^(2)a^(l)Y 
02(13) >• I I -a^(2)a5(l)a^(2)a2(l)Y 
I I !! -a^(2)a5(l)cx2(2)a^(l)Y 
03(1,) t t [1,2,1,2:2,1] a2(2)a5(2)cx^(2)a^(l)Y 
03(15) ! l -a^(2)a3(2)a^(2)a2(l)Y 
-a^(2)a5(2)a2(2)aj^(l)Y 
A. 53. 
Table (A.4.1.3) continued. 
relevant commutator of . ^ 
^ ^ ^ coefficient weight 6 coefficient 
c^(T^) a^(2) [2,1,2,2-2,1] a2(l)a5(2)a^(2)a^(l)6 
^4(15) " -a^(l)(X3(2)a^(2)a2(l)6 
c^CTg) " -a^(l)a3(2)a2(2)a^(l)6 
03(15) '' " -a^(l)a3(l)a^(l)a2(2)6 
c^(T^) " '' -a^(l)a3(l)a2(l)a^(2)6 
Cg(T^) a^(l) [1,2,1,1;1,2] a2(2)a3(l)a^(l)a^(2)Y 
c^(T^) '' -aj^(2)a3(l)a^(l)a2(2)Y 
CgTg) " " -a^(2)a3(l)a2(l)a^(2)Y 
c^CT^) " [1,2,1,2;1,2] a2(2)a3(2)a^(l)a^(2)Y 
c^Cr^) " " -a^(2)a3(2)a^(l)a2(2)Y 
c^(Tg) " " -•a^(2)a3(2)a2(l)a^(2)Y 
Cg(T^) [2,1,2,2;1,2] a2(l)a3(2)a^(l)a^(2)6 
Cg(T3) "" -aj^(l)a5(2)a4(l)a2(2)6 
Cg(T^^) " " -0^^(1)03(2)02(1)0^(2)6 
A. 54. 
(A.4.1.A) Relations obtained from involving basic 
coTtimutators in precisely the generators 1,2,3,4. 
The following two relations are obtained from w^(2,6) by the 
substitutions; 
1 1 
X2 2 2 
X3 3 3 
X, 4 4 
4 
x^ ^ 1 2 
(1) [3,1,4;2,1] - [4,1,3;2,1] - [2,1,4;3,1] + [4,1,2;3,1] - [4,1,1;3,2] 
+ [2,1,3;4,1] - [3,1,2;4,1] + [3,1,1;4,2] - [2,1,1;4,3] = 0 
mod 
(2) [3,2,4;2,1] - [4,2,3:,2,1] + [4,2,2;3,1] - [4,1,2;3,2] - [3,2,2;4,1] 
+ [3,1,2;4,2] - [2,1,2;4,3] = 0 m o d ( F ^ ( U ) ) . 
From these we eliminate: [3,l,4?25l], [3,2,4|2,1]. 
A.55, 
(A.4.1,5) Table giving the images of the terms of v (p.63) under 
i e {1,2,...,9} (p.64) in terms of basic commutators in 2 
generators. 
Images under cp^ ,^. 
-T-
^3 ^^ 4 95 
e d 2^5^ 1^33 ^25^128 X X X 
e d ®26 26 ^26^134 0 0 0 0 
e d 27 27 0 ^27^129 X X 
X 
®28^135 0 "^28^^128 X X 
^29^29 " 0 0 -e d 29 129 
0 0 
0 3^0^ 1^30 X X X 
^31^128 X X X X 
3^2^ 1^29 X X 
X X 
0 0 ^33^20 
e d ®34 130 X 
X X X 
0 0 ®35'^ 132"®35'^ 134"®35'^ 129 ^35^20 -^35^20 
0 0 -e d 36 130 X X 
^37^7 " 0 0 
0 0 0 
e d 38 38 e d 38 133 0 
0 0 0 
e d ^ ®39 39 ^39^134 0 
0 0 0 
0 ^40^132 0 0 0 
^1^135 0 0 
0 0 
^42^42 " 0 0 -^2^132 
0 0 
A.56. 
images under cp^ ,... , continued 
^5^43 " ° ^3^133 
-44^-^-44^132 0 0 0 0 
^5^45 " ° ^5^134 ° ^ ° 
-46^46 -^  0 0 0 
° ° ^7^132 "^47^23 
^ 9 ^ 4 9 ^ -49^132 0 0 0 0 
-50S0 " ° ° -^50^133 
A.57 
Images under c p ^ , . . . , ? 
% ^ ''G ^ 
^27^^27 - - - -
^28^28 - - - X 
^ 3 0 S 0 - - -
^32-^32 - - - -
^34^34 - - - ^ 
P d - e d 0 0 
P d - e d 0 0 
-43^^43 - X X X 
A . 5 8 , 
i m a g e s u n d e r c o n t i n u e d ; 
- > -
^ 5 ^ 2 4 
0 0 
^ 6 ^ 2 4 
0 0 
^ 4 7 ^ 4 7 
0 0 0 0 
X X X X 
0 0 
X X X X 
S l S l 
0 0 
- ^ 5 1 ^ 2 3 ^ 5 1 ^ 2 3 
0 0 0 0 
0 0 0 
J 4 5 4 
X X 0 0 
S o m e e q u a t i o n s ( i n c o e f f i c i e n t s o f b a s i c c o m m u t a t o r s o f t y p e 
( x , y , z , t , u ) ) o b t a i n e d f r o m t h e c o l u m n h e a d e d b y 
( a ) cp^ ; ( 1 ) = 
( 2 ) e 3 2 = 0 , 
(3) = 0, 
( b ) cp^ • ( 4 ) = 0 , 
( 5 ) e ^ ^ = 0 , 
( 6 ) e 3 ^ = 0 
A.59. 
(c) 9 3 ' (7) ^23 s - 3 
(8) SE 0, 
(9) ^36 = 0, 
(d) 9 4 • (10) ^33 + "35 = 0, 
(e) 5 ' (11) ^33 
„ 
"35 = 0, 
(f) 6 ' (12) ^26 + "29 = 0, 
(8) 7 ' (13) -^26 4- "29 = 0. 
Equations (10), (11) imply that e^^ = 0, e^^ = 0, and equations 
(12), (13) imply that e^g = 0, e^g = 0. Hence the coefficients of 
basic commutators of type (x,y,z,t5,u) in the left-most column are all 
zero. Equations (in coefficients of basic commutators of type 
(XjyjZJtju) now of course) obtained from the column headed by 
(h) cp 1 ' : (14) "38 = 0, 
(15) "39 = 0, 
(16) "41 0, 
(17) "44 -- "49 0, 
(i) 2 " : (18) "43 = 0, 
(19) "45 s 0, 
(20) "48 = 0, 
(21) "40 + p = 52 0, 
(j) 3 • (22) "50 
sz 0, 
(23) "54 = 0, 
(24) -"42 + "47 = 0, 
(25) "51 + "53 = 0, 
A.60. 
(k) (26) + + 
^52 
+ 
^53 
= 0 , 
(1) CP3 : (27) - + -
^53 
(m) (28) 
^-37 
+ 
^39 
+ + + 
(n) (29) 
-^37 ^39 
+ - + 
(o) (30) 
®37 
- - - - = 
(P) (31) 
^37 
+ -
^49 
+ 
^51 
- 0. 
"46 
From equations (26), (27): (15), (19), (28), (29)? (30), 
(31), we deduce: 
(32) = 0 , 
(33) = 0 , 
(34) 
^46 = 
0 , 
(35) 
^44 = 0, 
(36) 
^37 - "49 = 
0, 
(37) 0 . 
(21) ~ (32), (35) " - (17), 
(38) 
^40 -
p = 0 , 
(39) 0, 
(40) 
^47 - ^51 = 
0, 
(24) gives; 
(41) 
^ 2 - ^51 = 
0 , 
A,61. 
so that from (34), (3G): (36), (39); (37), (43), we at once obtain 
that e^y, e^^, e^^, e^^, e^g, e^^ are trivial. Equations (17), (21), 
(24); (25) now reduce respectively to e,, = 0, e^^ = 0 , e,^ = 0, 
44 ' 52 ' 42 ' 
^ 3 == 
Hence in v the commutators of weight 5 in precisely the generators 
1,2,3 have trivial coefficients. 
(A.4.1.6) To shoTT that v^^^^^'^ (p.bl) is trivial. 
We have: 
n 234' •) 
v^ = + e^^[4,2,4-,3,1] + eg^[4,l,4:3,2] 
+ egg[3,2,4;4,l] + egQ[4,2,3;4,l] + [eg^[3,l,4:4,2] 
+ egg[4,l,3^4,2] + e^QQ[2,l,454,3] + 
Hence, 
X = e^^[4,3,5;2,l] + + e^g[4,2,5;3,l] + e^g[5,2,4;3,1] 
+ eg^[4,l,5;3,2] + eg^^[5,l,4;3,2] + egg[3,2,5;4,l] + egg[3,2,4-5,l] 
+ egQ[5,2,3;4,l] + egQ[4,2,3;5,l] + eg3[3,l,5;4,2] + eg3[3,l,4;5,2] 
+ e5g[5,l,3;4,2] + e^^[4,l,3;5,2] + e^QQ[2,l,5;4,3] + e^QQ[2,l,4,5,3] 
Now relations (r.l), (r.2) mod weight 6 give 
e^QQ[2,l,5|4,3] = e^QQ{~[4,3,5;2,l]+[4,2,5;3,l]--[4,l,5 3,2]-[3,2,5;4,l]+ 
[3,1,5=4,2]}. 
e^QQ[2,l,4;5,3] = e^^^^f-LS,3,4,l]+[5 ,2,4; 3,l]-[5,1,4;3,2]-[3,2,4;5,1] + 
[3,1,4;5,2]} . 
A.62. 
Substituting these into the expression for x, arranging like - terms 
together, and then applying Lemma (4.3), we obtain the folloxjing equations 
in the coefficients of the commutators in \ 
(1) 0, 
(2) ^96 = 0, 
(3) ^102 = 0, 
(4) ^95 + ®100 = 0, 
(5) ^89 ®100 = 0, 
(6) ^34 - ®100 = 0, 
(7) ^78 + ®10C = 0, 
(S) ^72 - ®100 = 0. 
Thus ^(1234' ) can be w 
^(1234') ^ e^QQ{[4,3,4;2,l]-[4,2,4s3,l]+[4,l,4;3,2]+[3,2,4;4a] 
-[3,1,4.:4,2]+[2,1,4^4,3]}. 
But this is trivial in Fg(U)j since the expression inside { } is 
obtained from w^(2,6) by the substitution x^ -> 4 and x^ i for 
n234'') all i e {1,2,3,4}. Kence, v^ '' is trivial. 
A. 63. 
(A.4.1.7) Table giving the images of the terms of 
in terms of basic coTnmutators In 3 generators. 
fp '21 22 "23 
e^^ [4,l,3;2,li egg[2,1,3:2,1] e^g[3,l,3;2,l] X 
e^^[2,l,2;3,l] 1,3:3,1] 
j e^3[2,1,2:3,1] e^3[3,1,2-3,1] X 
eg^ [4,1,1;3,2] eg^[2,l,l;3,2] eg^[3,l,l:3,2] 0 
eg^[2,l,3;4,l eg3[2,1,3^2,1] eg^[2,1,3:3,1] 0 
egj. [3,1,2:4,1 J ->- egg[3,l,2;2,l] X X 
eg2i3,l,l;4,2] eg^[3,l,l;3,2] -eg2[3,l,l;2,l] 
eg^ [2,1,1^4,3 J eg^-[2,l,l:3,2] 0 -eg^[2,1,1:3,1] 
Equations obtained from column headed by 
(a) CP, 21 
(b) CP 22 
(c) CP. 23 
(1) ^86 
s 0, 
(2) ^69 + "85 0, 
(3) "73 + "75 = 0, 
(4) ^81 
-
"97 
s 0. 
(5) "69 
= 0, 
(6) "75 
= 0, 
(7) "73 
+ "85 0, 
(8) "81 + "92 0, 
(9) "92 = 0, 
(10) "73 
-
"97 
ss 0. 
A. 54. 
Equations ( 1 ) , (5), (6), (2), (3), (9), (8), (4) give 
immediately that the coeff ic ients e^^, e^^' 
e^j are t r i v i a l . 
(A.4.1 .8) Relations obtained from w (2,6) = [x ,x ,x ;x jX 5X ] + 
X 4 J J 2 i V 
[ x^jx^jxg^x^jX^jX^] (p.57 ) and elimination of commutators from them. 
Kox'/ to each basic commutator of type (3,3) i n ^g(y) there corresponds 
a re lat ion i n basic commutators of the same type. For example, 
corresponding to the basic commutator [ 5 , 3 , 6 ; 2 , 1 , 4 ) there i s the relat ion 
[ 5 , 3 , 6 ; 2 , 1 , 4 ] + [ 5 , 3 , 4 ; 2 , 1 , 6 } = 0. Thus we obtain the following relat ions. 
a ) [ 5 , 3 , 6 ; 2 , 1 , 4 ] = - [ 5 , 3 , 4 ; 2 , 1 , 6 ] , 
(2) [ 6 , 3 , 5 ; 2 , 1 , 4 ] = " [ 6 , 3 , 4 ^ 2 , 1 , 5 ] , 
(3) [ 4 , 3 , 6 : 2 , 1 , 5 ] = - [ 4 , 3 , 5 ; 2 , 1 , 6 ] , 
(4) [ 5 , 2 , 6 : 3 , 1 , 4 ] = - [ 5 , 2 , 4 ^ 3 , 1 , 6 ] , 
(5) [6,2,5^3,1 ,4] = - [ 6 , 2 , 4 ^ 3 , 1 , 5 ] , 
(6) [ 4 , 2 , 6 ; 3 , 1 , 5 ] TS - [ 4 , 2 , 5 ; 3 , 1 , 5 ] , 
(7) [ 5 , 1 , 6 | 3 , 2 , 4 ] = - [ 5 , 1 , 4 ; 3 , 2 , 6 ] , 
(8) [ 6 , 1 , 5 ; 3 , 2 , 4 ] = - [ 6 , 1 , 4 ; 3 , 2 , 5 ] , 
(9) [ 4 , 1 , 6 ; 3 , 2 , 5 ] = - [ 4 , 1 , 5 ; 3 , 2 , 6 ] , 
(10) [ 5 , 2 , 6 ; 4 , 1 , 3 ] = - [ 5 , 2 , 3 ; 4 , 1 , & ] , 
(11) [ 6 , 2 , 5 - 4 , 1 , 3 ] - [ 6 , 2 , 3 ; 4 , 1 , 5 ] , 
(12) [5, l ,6r,4,2,3] E3 - [ 5 , 1 , 3 ; 4 , 2 , 6 ] , 
(13) [ 6 , 1 , 5 ; 4 , 2 , 3 ] = - [ 6 , 1 , 3 ; 4 , 2 , 5 ] , 
A.55. 
(14) [6,2,4;5,1,3] 
(15) [6,1,4;5,2,3] 
(16) [5,4,6^2,1,3] 
(17) [6,4,5;2,1,3] 
(18) [5,4,6:3,1,2] 
(19) [6,4,5;3,1,2] 
(20) [5,3,6:4,1,2] 
(21) [6,3,5;4,1,2] 
(22) [6,1,2;4,3,5] 
(23) [5,1,2;4,3,6] 
(24) [6,3,4;5,1,2] 
(25) [6,1,2^5,3,4] 
490 496 497' 
. = [6,1,4;3,2,5] - [6,1.^;5,2,3] or d529=d509-d527-
From relations (1) - (15). The following commutators (they are the 
right-hand members of the relations) are eliminated. 
"^495' "^496' "^497' ^^503' "^504' ^^505' S o 9 ' ^^510' "^511' 
"^516' S l 7 ' ^^520' ^^521' S 2 6 ' ^28' 
Equations (16) -(25) nov7 reduce to; 
+ ^492 
~ ^493 
- ^501 
S 1 2 
(25) ^494 -'^490 
(27) ^494 = ^491 
(28) S 0 2 = "^498 
(29) ^^ 502 == ^499 • 
(30) S l 4 = ^508 • 
A.66, 
(31) 
S i s "^508 
(32) 
"522 = • ^519 
(33) 
S 2 3 
ss 
^506 -• S 1 8 
(34) S 2 5 
ss 
'^506 
(35) 
"529 
=s 
- S 0 7 ^527-
We use relations (26), (28), (30), (31), (32), (33), (34), (35) 
to eliminate the commutators (they are the extreme left-hand members 
of the relations): 
^^494' S 0 2 ' S l 4 ' ^515' ^522' "^523' ^525' ^ 2 9 ' 
and relations (27), (29) then reduce tot 
(37) = d^gg + d^^g -
from xjhich xve eliminate further the commutators: 
3' "^501' 
(A.4.1.9) Relations obtained from = -
[x^jx^jxgjx^jx^.x^] + (p.57) and elimination 
of basic commutators from them. 
In (A.4.1.8), we eliminated 25 of the 40 basic commutators of 
type (3,3) in precisely 6 generators. Now to every commutator of type 
(3,3) say Ca»b,c;d,e,f] in ^'gCU)? there corresponds a relation given 
A. 6'/. 
by the substitution: x^ b, x^ a, x^ d, x^ a, x^ f, x^ c. 
Thus corresponding to the remaining 15 basic commutators of type 
(3,3) in precisely 6 generators there are the following distinct 
relations. 
(1) [5,4,6?2,1,3] - [5,2,6;4,1,3] + [5,1,6;4,2,3] = 0, or d^^^^-d^^^+d^^g = 0, 
(2) [6,4,5:2,1,3] ~ [6,2,5:4,1,3] + [6,1,5;4,2,3] = 0, or = 0. 
(3) [5,3,6;2,1,4] - [5,2,6;3,1,4] + [5,1,6;3,2,4] = 0, or ° 
(4) [5,4,6;3,1,2] - [5,1,6;3,2,4] - [5,3,6;4,1,2] + [5,1,6;4,2,3] = 0, or 
(5) [6,4,5;3,1,2] - [6,1,5;3,2,4] - [6,3,5;4,1,2] + [6,1,5;4,2,3] = 0, 
(6) [6,3,5;2,1,4] - [6,2,5;3,1,4] + [6,1,5;3.2,4] = 0, or 
(7) [4,3,6;2,1,5] - [4,2,6;3,1,5] + [4,1,6|3,2,5] = 0, or 
(8) [5,4,6f3,l,2] - [6,4,5^3,1,2] + [6,1,4;3,2,5] + [6,3,4:5,1,2] -
[6,1.4;5,2,3] = 0, or d^^^-d^^^+d^^^+d^^^-d^^^ = 0, 
(9) -[5,4,6;2,1,3] + [6,4,5;2,1,3] - [6,2,4;5,1,3] + [6,1,4;5,2,3] = 0 or 
If we eliminate from these relations the basic commutators that are 
eliminated in (A.4.1.8), they reduce to: 
= 0, 
= 0. 
(10) ^490 - "^508 - ^512 
+ d 
(11) ^491 - ^513 + d 
(12) ^492 - "^500 + S 0 6 = 0 
A . 6 8 . 
( 1 3 ) ^ 4 9 8 • ^ 5 0 6 - S 1 2 = 0 , 
( 1 4 ) <^499 - ^ 5 0 7 - S l 3 • ^ ^ 5 1 9 = 0 . 
( 1 5 ) ^ 4 9 0 ^ ^ 4 9 1 " ^ 4 9 2 ~ ^ 4 9 8 - ^ 4 9 9 + s 
( 1 6 ) ~ ^ 4 9 0 • ^ ^ 4 9 2 ^ ^ 4 9 8 = 0 , 
( 1 7 ) ^^498 - - S 0 7 " S 2 7 
= 
( 1 8 ) " ^ 4 9 0 • ^ ^ 4 9 1 - S 2 4 " S 2 7 = 0 , 
^ S 0 7 -
a n d w e e l i m i n a t e ; 
S 0 6 ' S o 7 ' " ^ 5 0 8 ' S l 8 ' S l 9 ' ^ 2 7 * 
( A . 4 . 1 . 1 0 ) R e l a t i o n s o b t a i n e d f r o m W g ( 2 j 6 ) = - [ x g j x ^ j x ^ ^ x ^ j x ^ j x ^ ] + 
f x ^ j x ^ j x ^ j x ^ j x j ^ j x ^ ] ( p . 5 7 ) a n d e l i m i n a t i o n o f b a s i c c o m m u t a t o r s f r o m 
t h e m . 
B y p e r m u t i n g t h e g e n e r a t o r s w e o b t a i n t h e f o l l o w i n g r e l a t i o n s 
f r o m v 7 ^ ( 2 , 6 ) O 
( 1 ) - [ 6 , 4 , 5 ; 2 , 1 , 3 ] + [ 5 , 3 , 6 ; 2 , 1 , 4 ] = 0 , o r = 0 , 
( 2 ) [ 6 , 4 , 5 ; 3 , 1 , 2 ] - [ 5 , 2 , 6 ; 3 , 1 , 4 ] = 0 , o r < 1 ^ 9 5 - ^ 5 0 0 = 
( 3 ) - [ 5 , 4 , 6 ; 2 , 1 , 3 ] •• [ 6 , 4 , 5 ; 2 , 1 , 3 ] + 2 [ 5 , 3 , 6 ; 2 , 1 , 4 ] + [ 5 , 4 , 6 ; 3 , 1 , 2 ] 
- [ 5 , 2 , 6 ; 3 , 1 , 4 ] - [ 5 , 3 , 6 ^ 4 , 1 , 2 ] + [ 6 , 3 , 5 ; 4 , 1 , 2 ] = 0 , o r 
- ^ 4 9 0 - ^ 4 9 1 2 ^ 4 9 2 + ^ 4 9 8 " S o o ' S l 2 ^^  S l 3 == ° > 
A.59. 
(4) -[6,4,512,1,3] + 2[5,3,5;2,1,4] + [5,4,6;3,1,2] - [5,2,5;3,1,4] -
[5,3,6;4,1,2] + [6,3,4;5,1,2] --= 0, or -d^9i+d492+d498"S00-Sl2+S24 = 
B o m these we eliminate; 
"^492' "^500' "^513' ^ 2 4 ' 
(A.4.1.11) Relations obtained from = -
[x^jX2,x^,Xg:,X2sXj^] (p.5'' ) iji and elimination of basic 
coTiamutators from them. 
To each basic comnmtator of type (4,2) in there corresponds 
a relation in basic commutator of the same type. Thus corresponding to 
such basic commutators in precisely 6 generators in F^CU), we have the 
follovxin,'? relations. 
(1) [3,2,5,6;4,1] = [4,1,5,6:3,2] 
(2) [3,1,5,6;4,2] = [4,2,5,6;3,1] 
(3) [2,1,5,6;4,3] = [4,3,5,6;2,1] 
(4) [3,2,4,6;5,1] = [5,1,4,6;3,2] 
(5) [4,2,3,6;5,1] [5,1,3,6;4,2] 
(6) = [5,2,4,6;3,1] 
(7) [4,1,3,6;5,2] = [5,2,3,6;4,1] 
(8) [2,1,4,6^5,3] = [5,3,4,62,1] 
(9) [3,2,4,5;6,1] = [6,1,4,5,3,2] 
(10) [4,2,3,5;6,1] = [6,1,3,5;4,2] 
A. 70. 
(11) [5,2,3,4;6,1] [6,1,3,4.5,2] 
(12) [3,1,4,5^6,2] [6,2,4,5?3,1] 
(13) [4,1,3,5;6,2] = [6,2,3,5;4,1] 
(14) [5,1,3,4;6,2] [6,2,3,4:5,1] 
(15) [2,1,4,5|6,3] [6,3,4,5:2,1] 
(16) [5,1,2,6.4,3] = -[3,2,4,6;5,1] + [4,2,3,6:5,1], or S46 = -S48+S49' 
(17) [6,1,2,5:4,3] =: -[3,2,4,5;6,1] + [4,2,3,5;6,1], or S 4 7 = -^seo'-^sev 
(18) [4,1,2,6;5,3] = -[3,2,5,6;4,1] + [5,2,3,6;4,1], or S 5 5 = "^589^^540' 
(19) [6,1,2,4:5,3] -[3,2,4,5;6 1] + [5,2,3,4:6,1], or S 5 6 -
(20) [2,1,3,6;5,4] = -[4,3,5,6;2,1] + [5,3,4,6:2,1], or S57 = 
(21) [3,1,2,6;5,4] = -[4,2,5,5;3,1] + [5,2,4,6,3,1], or ^ 5 8 = 
(22) [6,1,2,3;5,4] -[4,2,3,5|6,1] + [5,2,3,4:6,1], or S59 = 
(23) [4,1,2,5;6,3] -[3,2,5,6;4,1] + [6,2,3,5:4,1], or S67 = 
(24) [5,1,2,4;6,3] -[3,2,4,6:5,1] + [6,2,3,4:5,1], or •^ 568 = -^48-^550' 
(25) [2,1,3,5;6,4] = -[4,3,5,6:2,1] + [6,3,4,5:2,1], or S 6 9 = -^30-^532' 
(26) [3,1,2,5,6,4] = -[4,2,5,6;3,11 + [6,2,4,5:3,1], or 
(27) [5,1,2,3;6,4] -[4,2,3,6:5,1] + [6,2,3,4:5,1], or ^ 7 1 = -^49-^550' 
(20) [2,1,3,4;6,5] = -[5,3,4,6;2,1] + [6,3,4,5:2,1], or S 7 2 = 
(29) [3,1,2,4;6,5] = -[5,2,4,6:3,1] + [6,2,4,5:3,1], or S 7 3 = 
(30) [4,1,2,3;6,5] = -[5,2,3,6:4,1] + [6,2,3,5:4,1], or S 7 4 = -^40^541" 
From relations (1) to (IS), the following commutators (they are 
the left-hand members of the relations) are eliminated. 
^^ 539' ^ 542' ^45' ^48' ^549' ^^ 551' "^ 552' ^ 5^54' ^ 560' 
'^61' S62' ^^ 563' ^ 5^64' ^ 65' "^ 566' 
A. 71, 
Relat ions (16) - (30) then reduce to ; 
(31) S 4 6 = - S 3 7 + S 4 3 
(32) S 4 7 • S 3 8 + S 4 4 
(33) ^555 = - S 3 6 + 
(34) ^ 5 6 = " S s B + S 5 3 
(35) S 5 7 = - ^ 3 0 + S 3 I 
(36) ^ 5 8 = - ^ 3 3 + S 3 4 
(37) S 5 9 = - S 4 4 + S 5 3 
(38) ^ 6 7 - S 3 6 + S 4 I 
(39) ^ 6 8 -^^537 + S 5 0 
(40) ^ 6 9 = - ^ 3 0 
(41) S 7 0 = "^533 
(42) S 7 I 
= - S 4 3 + S 5 0 
(43) ^ 7 2 = - S 3 I 
(44) S 7 3 s= - S 3 4 + S 3 5 
(45) S 7 4 = - ^ 4 0 + S 4 I 
from which we e l iminate: 
S 4 6 ' S 4 7 ' S 5 5 ' S 5 6 ' S 5 7 ' S 5 8 ' S 5 9 ' ^ 6 7 ' ^ 6 8 ' S 6 9 ' 
S 7 0 ' S 7 I ' S 7 2 ' ^ 7 3 ' ^ 7 4 -
A. /2. 
(A.4.1.12) Relations obtained from = ^x^] + 
[x^sx^.x^sx^.'x^jx^] ~ (p.ST) and elimination of basic 
commutators from them. 
In (A.4.1.11) we eliminated 30 of the 45 basic commutator of 
type (4,2). As in (A.4.1.9), we obtain from w^(2,6) the distinct 
relations: 
(1) [4,3,5,6:2,1] - [3,1,5,6-4,2] + [4,1,5,6^3,2] = 0, or ^530-^542+^36 
(2) [5,3,4,6;2,1] - [3,1,4,6?5,2] + [5,1,4,6;3,2] = 0, or = 0. 
(3) [6,3,4,5;2,1] - [3,1,4,5;6,2] + [6,1,4,5;3,2] = 0, or d332-d3g3+d33g = 0, 
(4) -[5,2,3,6;4,1] + [5,1,3,6;4,2] + [2,1,3,6;5,4] = 0, or -d^^^+d^^^+d^^^ = 0, 
(5) -[6,2,3,5^4,1] + [6,1,3,5:4,2] + [2,1,3,5;6,4] = 0, or -d^^^+d^^^+d^^^ = 0, 
(6) -[6,2,3,4;5,1] + [6,1,3,4;5,2] + [2,1,3,4;5,5] = 0, or -d33g+d333+d3^2 = 
If we eliminate from these relations the basic commutators that are 
eliminated in (A.4.1.4), they reduce to: 
(7) S 3 0 - S 3 3 =• 0, 
(8) S 3 I - S 3 4 = 0, 
(9) S 3 2 - S 3 5 = 0, 
(10) "^^530 " ^^540 S 4 3 ' 
(11) -^530 - S 4 I ^ S 4 4 = 
(12) - S 3 I "^550 ^^553 = 
= 0, 
= 0, 
and we eliminate from thetn • 
S 3 6 ' ^537' ^ 3 8 ' S 4 3 ' S 4 4 ' ^^553' 
A. 73 . 
( A . 4 . 1 . 1 3 ) Tab le of Images of t h e te rms o f ( p J O ) under 
P^j 9 j f { 1 , 2 5 . . . , 6} (p. 70) i n t e rms of b a s i c commutators i n 2 
g e n e r a t o r s . 
^494^494 
31 
0 
0 
0 
0 
^ 5 0 7 ^ 0 7 " ^507^132 
^32 
0 
0 
^493^^132 
e d 494 1 3 2 
X 
33 
0 
0 
~®493'^132 
X 
'^ 34 
0 
0 
X 
- % 9 4 ^ 1 3 2 
X 
e d ®485 1 3 2 
^486^^132 
X 
X 
0 
"®4S6^132 
X 
X 
X 
E q u a t i o n s o b t a i n e d from t h e column headed by 
( a ) •^31 ( 1 ) ^507 
— 0 , 
(b) ^32 ( 2 ) 
+ ^494 = 
( c ) ( 3 ) ^493 
= 0 , 
(d) ^34 (4 ) ''494 
= 0 , 
( e ) ^35 (5 ) 
+ ^486 = 
( f ) ^ 3 6 (6 ) ®486 
= 0 . 
'507 
We s e e i m m e d i a t e l y t h a t t h e c o e f f i c i e n t s e^g^, e^g^, e^^^, ®494' 
a r e t r i v i a l . 
